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Abstract 
 

Today, the lowest phase noise microwave signals are generated 
optically by frequency division of an ultra-stable optical reference using a 
femtosecond frequency comb. In the commonly used approach, the ultra-
stable optical reference is obtained by frequency-stabilizing a laser to a 
high-finesse ultra-low expansion optical cavity, and the frequency division 
is performed by optically locking a mode-locked laser to the ultra-stable 
laser. Both sub-systems are fairly complex and cumbersome, but have 
demonstrated state-of-the-art performance. 

In this thesis, alternative approaches have been investigated for low-
noise microwave generation based on a transfer oscillator scheme. In a first 
part, a novel method inspired by the transfer oscillator concept has been 
developed and validated to characterize the offset frequency of a comb 
spectrum without relying on the traditional self-referencing method and, 
thus, without requiring an octave-spanning spectrum that is challenging to 
be generated, especially with high repetition rate frequency combs. This 
method has then been successfully applied to characterize three different 
types of comb spectra from a semiconductor mode-locked laser, a diode-
pumped solid-state laser with 25-GHz repetition rate, and a quantum 
cascade laser frequency comb emitting in the mid-infrared spectral region. 

By modifying and improving this scheme, ultra-low phase noise 
microwave signal generation based on a transfer oscillator was 
demonstrated and characterized. The method was also implemented with 
a micro-resonator Kerr-comb for a first proof-of-principle demonstration of 
frequency division performed with a Kerr comb. 

In addition, frequency stabilization of a mid-infrared quantum 
cascade laser to an optical delay-line is presented for the first time and led 
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to a sub-10-kHz linewidth using only a meter-scale free-space delay-line. 
The same approach can be applied in the near-infrared with a long fiber 
delay with the potential to achieve Hz-level linewidth. 

The technologies developed in this thesis are attractive components 
for future compact ultra-low noise microwave generators. 
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Résumé 
 

Aujourd'hui, les signaux micro-ondes à bruit de phase le plus faible 
sont générés optiquement par division de fréquence d'une référence 
optique ultra-stable utilisant un peigne de fréquence femtoseconde. Dans 
l'approche couramment utilisée, la référence optique ultra-stable est 
obtenue par stabilisation en fréquence d'un laser sur une cavité optique à 
très faible coefficient d’expansion thermique, et la division en fréquence est 
effectuée en stabilisant optiquement un laser à verrouillage de mode au 
laser ultra-stable. Ces deux sous-systèmes sont assez complexes et 
encombrants, mais ils ont démontré des performances de pointe. 

Dans cette thèse, des approches alternatives ont été étudiées pour la 
génération de micro-ondes à faible bruit basées sur un schéma d'oscillateur 
de transfert. Dans une première partie, une nouvelle méthode inspirée du 
concept de l'oscillateur de transfert a été développée et validée pour 
caractériser la fréquence d’offset (décalage de phase entre la porteuse et 
l’enveloppe, carrier-envelope offset en anglais, CEO) d’un peigne de 
fréquence optique sans s'appuyer sur la méthode traditionnelle d'auto-
référencement et donc sans le besoin d’un spectre optique couvrant une 
octave de fréquence, qui est difficile à générer notamment avec des peignes 
à fréquence de répétition élevée. Cette méthode a ensuite été appliquée avec 
succès pour caractériser trois différents types de peignes de fréquence 
optiques générés à partir d'un laser à semi-conducteur à verrouillage de 
mode, d'un laser à l'état solide pompé par diode avec un taux de répétition 
de 25 GHz et d'un laser à cascade quantique émettant dans la région 
spectrale de l’infrarouge moyen. 

En modifiant et en améliorant cette technique, on a démontré et 
caractérisé la génération d'un signal hyperfréquence à bruit de phase ultra-
faible basé sur un oscillateur de transfert. La méthode a également été mise 
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en œuvre à l'aide d'un micro-résonateur à peigne de Kerr pour une première 
démonstration de principe. 

En outre, la stabilisation en fréquence d'un laser continu à cascade 
quantique émettant dans l'infrarouge moyen sur une ligne à retard optique 
est présentée pour la première fois et conduit à une largeur de raie 
inférieure à 10 kHz en utilisant un montage en espace libre. La même 
approche peut être appliquée dans le proche infrarouge avec un long délai 
utilisant des fibres optiques, donnant la possibilité d'atteindre une largeur 
de raie au niveau du hertz.  

Les technologies développées dans cette thèse sont des composants 
attrayants pour les futurs générateurs de micro-ondes compacts à très faible 
bruit. 
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* Convolution product 

𝜈𝜈rms Integrated frequency noise (Hz) 

𝜎𝜎𝑦𝑦(𝜏𝜏) Allan deviation  

𝜙𝜙rms Integrated phase noise (rad) 

〈 .〉 Ensemble average 

∆, 𝛿𝛿 Fluctuations 

D Slope coefficient 

ℱ Fourier transform 

fCEO, f0 Optical comb offset frequency (Hz) 

frep, fFSR Optical comb repetition frequency or 
intermode frequency (Hz) 

L Length (m) 

P Power (W) 

S Power spectral density 

V Voltage signal (V) 

ΓΔ Coherence factor 

𝐸𝐸(𝑡𝑡) Electrical signal (V) 

𝑅𝑅 Auto-correlation function 
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𝑇𝑇,𝐻𝐻,𝐶𝐶 Transfer function 

𝜈𝜈,𝑓𝑓, Ω Frequency (Hz) 

𝜏𝜏, 𝑡𝑡 Time (s) 

𝜙𝜙(𝑡𝑡) Phase (rad, °) 
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AOM Acousto-optic modulator 

AN Amplitude noise 

BS Beam splitter 

(O)BPF (Optical) bandpass filter 

CEO Carrier-envelope offset  
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DBM Double-balanced mixer 

DC Direct current 
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DFB Distributed feedback (laser) 

DKS Dissipative Kerr soliton 

DPSSL Diode-pumped solid-state laser 

DRO Dielectric resonator oscillator 

DWDM Dense wavelength division 
multiplexing 
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EDFA Erbium-doped fiber amplifier 

EO Electro-optic 

eOFD Electro-optical frequency division 

EOM Electro-optic modulator 

Er Erbium 

ERGO Er:Yb:glass laser oscillator 

ESA Electrical spectrum analyzer 

FACT Future Atomic Clock Technologies 

FBG Fiber Bragg grating 

FFT Fast Fourier transform 

FN Frequency noise 

FSR Free spectral range 

FWHM Full width at half maximum 

FWHMβ Full width at half maximum using the 
β-separation line method 

GVD Group velocity dispersion 

HWHM Half width at half maximum 

IR Infrared 

LNA Low noise amplifier 

MCT Mercury-Cadmium Telluride 

MI Michelson interferometer 

MIR Mid-infrared 
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MIXSEL Mode-locked integrated external-
cavity surface-emitting laser 

mQAM Multi-level quadrature amplitude 
modulation 

MZI Mach-Zehnder interferometer 

NIR Near infrared 

OCXO Oven-controlled crystal oscillator 

OEO Opto-electronic oscillator 

OFC Optical frequency comb 

OFD Optical frequency division 

OPLL Optical phase locked loop 

PD Photodiode, Photo-detector 

PDH Pound-Drever-Hall 

PID Proportional-integral-derivative 

PLL Phase-locked loop 

PN Phase noise 

PNA Phase noise analyzer 

PRRM Pulse repetition rate multiplier 

PSD Power spectral density 

PZT Piezoelectric transducer 

QCL Quantum cascade laser 

RBW Resolution bandwidth 

RF Radio-frequency 
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SC Super-continuum 

SESAM Semiconductor saturable absorber 
mirror 

SI Supplementary information 

SNR Signal-to-noise ratio 

Sr Strontium 

SSA Signal source analyzer 

SSB Single-side band 

TCXO Temperature-compensated crystal 
oscillator 

TO Transfer oscillator 

ULE Ultralow expansion 

USL Ultra-stable laser 

VECSEL Vertical external-cavity surface-
emitting laser 

Yb Ytterbium 
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Introduction 

 

For centuries, humans have been looking for periodical effects in 
nature or produced in more complex systems, with the willingness to have 
a clock, i.e., a time measurement instrument. It started by systems based on 
the Earth rotation, the Moon and stars. Inventive flow rate systems using 
water or sand were developed and the lifetime of objects like a candle was 
also used. Time measurement has become more precise and accurate with 
the emergence of mechanical clocks such as pendula. Nowadays, the most 
accurate and precise periodical systems are based on electronic or optical 
oscillators. They are involved in a wide type of everyday life tools on one 
side, but are also the basis for extreme fundamental physics experiments, 
for example for gravitational wave detection1. 
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Frequency is the physical quantity that is measured with the highest 
level of accuracy. Therefore, frequency measurements are used in many 
high precision experiments to quantify other physical quantities. The recent 
optical atomic clocks based on strontium (Sr) features a record relative 
precision of 2.5∙10-19 equivalent to an imprecision of 100 ms over the 
estimated lifetime of the Universe2. This impressive precision is enabled by 
the use of optical frequencies in the range of 1014 Hz and is expected to 
further improve with the use of higher and higher frequencies going to the 
ultra-violet or extreme ultra-violet spectral range. However, no electronic 
system is fast enough to “count” optical oscillations (~2.3 fs at 698 nm for a 
Sr clock) in order to realize a complete clock. Furthermore, an ultra-stable 
optical oscillator is generally not directly usable, but needs to be frequency-
divided by a large number in order to deliver a usable radio-frequency or 
microwave signal that is compatible with nowadays electronic. This 
division as well as the absolute measurement of optical frequencies can be 
realized with the use of an optical frequency comb (stabilized mode-locked 
laser), which was the major contribution to the 2005 Nobel Prize in Physics 
awarded to T.W. Hänsch3 and J.L Hall4. 

Hence, state-of-the-art clocks deliver an electrical oscillation with 
unprecedented frequency precision and accuracy, generated from an 
optical oscillator using a pulsed optical oscillator to link the optical and 
electronic domains. In this respect, a deep understanding and 
characterization capabilities of these oscillators are needed.   

  Continuous-wave electrical or optical oscillators are described in the 
same way, only their carrier frequency strongly differs (in the MHz-GHz 
range for electrical oscillators vs THz range for optical oscillators). Pulsed 
optical oscillators (mode-locked lasers) appear in the frequency domain as 
an optical comb, meaning a composition of a multitude 
(hundreds/thousands to millions) of equally spaced optical lines as 
displayed in Figure 1.1. Each comb line is determined by three parameters 
which are the comb mode index N (integer number), the repetition rate 
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frequency 𝑓𝑓rep that corresponds to the frequency spacing between the lines, 

and the carrier-envelop offset (CEO) frequency 𝑓𝑓CEO, which represents the 
offset frequency of the optical spectrum. Therefore, the absolute optical 
frequency of each comb line is straightforwardly determined by only two 
measurable electrical signals (𝑓𝑓CEO, 𝑓𝑓rep), making the comb a key tool for 

various applications3–5. 𝑓𝑓CEO and 𝑓𝑓rep are electrical signals/oscillations that 

can be directly measured by electronic counters.  

The comb repetition rate frequency is generally directly detectable and 
easy to characterize by sending the laser light onto a fast enough 
photodetector. However, the detection of the second comb parameter 𝑓𝑓CEO 
is much more challenging as this frequency is not present in the optical 
spectrum emitted by the laser. The standard method to detect it is based on 
non-linear interferometry, which requires a wide coherent optical spectrum 
covering one frequency octave (f-to-2f interferometry7).  

 

Figure 1.1: Time (a) and frequency (b) domain representation of the 
frequency comb from a mode-locked laser. Figure taken from Schilt and 
Südmeyer6. 
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This has to be realized by external spectral broadening in a non-linear 
medium such as a highly non-linear fiber, which is demanding to achieve, 
especially for combs with repetition rates in the GHz range8. Nevertheless, 
it is interesting to get insights into the noise level of this offset frequency 
even before being able to detect it directly by the aforementioned self-
referencing method.  

In this thesis, an alternative versatile method has been developed, 
based on the transfer oscillator concept9, to indirectly detect and 
characterize the offset frequency of a comb spectrum without non-linear 
interferometry, therefore without special requirements on the comb source. 
This method constitutes the core of the work presented in this thesis 
manuscript. It enabled the full characterization of four totally different 
types of comb sources. Basically, the developed method provides a radio-
frequency (RF) signal that contains the difference between the comb offset 
frequency and an auxiliary continuous-wave (cw) laser, electrically-divided 
by a large integer number. Hence, this scheme makes an electrical division 
of optical frequencies. 

Based on the same basic idea, this scheme was modified to perform 
optical-to-microwave frequency division with a self-referenced comb to 
generate an ultra-low noise microwave signal from an ultra-stable laser  
without the need to optically lock the comb to the optical reference, as done 
in the traditional approach10. Instead, the division is performed electrically, 
relying on the same transfer oscillator principle. This method paves the way 
for the realization of compact systems, e.g., based on micro-combs as shown 
in the last part of the thesis by a proof-of-principle demonstration of optical 
frequency division realized with such a micro-comb for the first time.     

On another side, current-state-of-the-art ultralow phase noise and 
frequency-stable lasers are based on  frequency stabilization onto a high-
finesse ultralow expansion (ULE) Fabry-Pérot cavity placed under vacuum, 
thermally regulated, and mounted onto on a vibration insulation platform, 
which leads to fairly cumbersome systems. An alternative technology based 
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on a time delay approach11,12, which is simpler and more affordable, has 
demonstrated impressive performance with a sub-Hz-level linewidth and 
relative frequency stability of 10-14 at a few seconds of averaging time13,14. 
The basic principle consists of comparing the laser frequency to a delayed 
version of itself in an interferometer in order to detect and reduce its 
frequency fluctuations. This method has been previously implemented 
with long fiber delay lines at telecom wavelengths, but its use with a much 
shorter delay in the meter scale has been investigated in this thesis in the 
mid-infrared spectral range to reduce the linewidth of a quantum cascade 
laser to the sub-10-kHz range, which led to a very simple, compact and cost-
effective narrow-linewidth mid-infrared laser. 

Organization of the thesis  

This thesis addresses novel approaches for ultra-low phase noise optical 

and microwave oscillators. The content of the manuscript is organized as 

follows: 

Chapter 2 introduces the mathematical tools used to describe and 
characterize electrical or optical oscillators, and presents a simple guideline 
to compute the power spectrum of an oscillator from its phase noise, 
enabling to qualitatively understand the shape of the spectrum 
corresponding to different regimes of phase noise.  

In Chapter 3, a new method is introduced to characterize the offset 
frequency of a comb spectrum without the traditional use of f-to-2f 
interferometry. The method is first introduced and validated using a self-
referenced fiber comb, then it is applied to characterize three totally 
different frequency combs with a high mode spacing in the multi-GHz 
range and at a variety of different  wavelengths: a vertical external-cavity 
surface-emitting semiconductor laser with 1.8-GHz repetition rate at  1-µm 
wavelength, a diode-pumped solid-state laser with 25-GHz repetition rate 
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at 1.5 µm, and finally a quantum cascade laser frequency comb at 8-µm 
wavelength with a mode spacing of 7.5 GHz.  

Chapter 4 reports proof-of-principle demonstrations towards compact 
ultra-low noise optical and microwave signal generation. A mid-infrared 
continuous-wave quantum cascade laser is frequency-stabilized using a 
very simple scheme made of a free-space delay line to reduce its linewidth 
by a factor of 60. Then, a method based on a transfer oscillator is presented 
to perform optical-to-microwave frequency division for ultra-low noise 
microwave generation in a different approach than traditionally realized. 
This method is finally applied to generate a low phase noise microwave 
signal at 14 GHz using a Kerr-comb for optical division. 

Finally, Chapter 5 concludes the thesis with an overview of this 4-year 
work and provides a short outlook of possible future of the developed 
methods.   
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2.1 Basics of oscillators

In simple words, an oscillator is a “system with a variable quantity 
that oscillates”*.

 Relevant examples include the Moon revolving around the Earth, the 
day-night cycle, a mechanical pendulum, the voltage produced by an 
electrical oscillator, or the periodical variation of the electromagnetic field 
emitted by a laser. As an oscillation constitutes a periodical variation of a 
physical quantity, it is described by two parameters that are the frequency 
(i.e., the number of cycles per second made by the system, in Hz) and the 
amplitude (i.e., the maximum deviation of the quantity around its average 
value) of the varying quantity. Since nothing is perfect, both the amplitude 
and the frequency of the oscillation fluctuate over time, which is referred to 
as noise. A real oscillator is always affected by noise to some extent. Some 
mathematical tools are used to characterize the quality of an oscillator, 
based on the temporal fluctuations of the amplitude and/or frequency. The 
most relevant tools used in this manuscript are the power spectrum, the 
amplitude, phase and frequency noise power spectral densities, the relative 
frequency stability and some single values obtained by integrating the 
power spectral densities over a given spectral interval. These tools will be 
used all along the manuscript and are described in the following sub- 
sections as they are important for the characterization of all types of 
oscillators. 
  

                                                   
* translated from the LAROUSSE dictionnary 
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2.1.1 Power spectrum 

The power spectrum of a temporal signal describes the spectral 
distribution of the signal, i.e., how the signal power is distributed among its 
different frequency components. The power spectrum 𝑆𝑆𝐸𝐸(𝜈𝜈 − 𝜈𝜈0) of an 
electrical signal 𝐸𝐸(𝑡𝑡) oscillating at frequency 𝜈𝜈0 corresponds to the Fourier 
transform (written as ℱ) of the autocorrelation function 
𝑅𝑅𝐸𝐸(𝜏𝜏) = 〈𝐸𝐸(𝑡𝑡) ∙ 𝐸𝐸(𝑡𝑡 + 𝜏𝜏)〉 of the signal (where 〈 . 〉 denotes an ensemble 
average)15: 

𝑆𝑆𝐸𝐸(𝜈𝜈 − 𝜈𝜈0) = ℱ[𝑅𝑅𝐸𝐸(𝜏𝜏)] . (1) 

This power spectrum is simply a frequency representation of the 
temporal signal. In the case of a noiseless oscillator (pure sine function), the 
resulting power spectrum is a delta-Dirac function at the oscillating 
frequency 𝜈𝜈0. For a real signal, both the amplitude and the phase vary 
temporally around their average value, which leads to a different spectrum 
that is no longer composed of a single delta-Dirac function.  

The unit of the power spectrum depends on the measured signal; for 
an electrical signal it is generally displayed in dBm, V2, or W.  The power 
spectrum is sometimes normalized to the resolution bandwidth (the 
frequency band in which the signal is integrated), leading to the power 
spectral density (PSD), in a unit of dBm/Hz, V2/Hz or W/Hz. The power 
spectrum can also be normalized to the mean power of the signal, leading 
to a relative spectrum that is unitless or expressed in dBc (dB relative to the 
carrier) or to a relative PSD in 1/Hz in linear scale or in dBc/Hz in decibel 
scale.  

Figure 2.1 shows the measured power spectrum of a laser as a 
representative example. The evolution of the power spectrum from the 
ideal Dirac peak to a real spectrum resulting from the frequency 
fluctuations of the signal is described in more detail in Section 2.2. 
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Figure 2.1: Power spectrum in logarithmic scale (dBm unit) of a laser emitting at a telecom 
wavelength (1.5 μm) measured by heterodyning with an ultra-narrow linewidth reference 
laser. 

 

2.1.2 Amplitude noise spectrum 

An oscillator with a fluctuating amplitude is characterized by its 
amplitude noise spectrum (or amplitude noise power spectral density, 
AN—PSD), which is the power spectrum (or PSD) of the time series of the 
amplitude fluctuations. For an optical oscillator (a laser), the fluctuations of 
the optical intensity are generally considered and the corresponding noise 
spectrum is referred to as the intensity noise spectrum (or relative intensity 
noise - RIN).  

The unit of the amplitude noise PSD depends on the measured signal. 
In this thesis that mainly considers optical or electrical oscillators, the units 
are dBm/Hz, V2/Hz, W/Hz. When the amplitude noise PSD is normalized 
by the mean signal power, the relative amplitude noise is obtained in units 
of 1/Hz or dB/Hz.  

Figure 2.2 shows an example of the relative intensity noise PSD 
measured for a laser. 
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Figure 2.2: Example of relative intensity noise (RIN) power spectral density of a laser 
emitting at 1.5 μm. 

 

2.1.3 Phase and frequency noise spectra 

Frequency and phase noise spectra (or frequency/phase noise power 
spectral densities, FN-PSD/PN-PSD) result from temporal fluctuations of 
the frequency or phase, respectively, of the oscillator. They describe the 
spectral distribution of the frequency/phase fluctuations of the oscillator 
around its carrier frequency.  

The unit of the frequency noise or phase noise PSD does not depend 
on the nature of the measured signal as it is only linked to the 
frequency/phase fluctuations of the oscillator. The frequency noise 
spectrum has a unit of Hz2/Hz in terms of PSD, and sometimes the square 
root of this quantity is used (in Hz/√Hz).  The phase noise is measured in 
rad2/Hz, rad/√Hz or dBc/Hz. The frequency and phase noise PSDs 
𝑆𝑆𝜈𝜈(𝑓𝑓) (Hz2/Hz) and 𝑆𝑆𝜙𝜙(𝑓𝑓) (rad2/Hz) are directly linked to each other by the 

following expression: 

𝑆𝑆𝜈𝜈(𝑓𝑓) = 𝑓𝑓2 ∙ 𝑆𝑆𝜙𝜙(𝑓𝑓) (2) 
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Additional theoretical aspects that help understanding frequency and 
phase noise will be discussed in Section 2.2. Figure 2.3 shows an example of 
the frequency noise PSD of a laser. 

 

Figure 2.3: Example of frequency noise PSD of a laser emitting at 1.5 μm measured by 
heterodyning with an ultra-narrow linewidth reference laser and by measuring the 
frequency noise of the heterodyne signal. 

2.1.4 Frequency stability: Allan variance 

The frequency noise PSD introduced in the previous Section 2.1.3 is a 
powerful tool to characterize the frequency fluctuations of an oscillator over 
short timescales (typically shorter than 1 s, corresponding to Fourier 
frequencies above 1 Hz). The frequency fluctuations over longer timescales 
(Fourier frequencies typically below 1 Hz) are generally characterized 
differently, from the time series of the oscillator frequency 𝜈𝜈 recorded with 
a frequency counter. This time series is generally normalized by the 
averaged oscillator frequency 𝜈𝜈0: 𝑦𝑦 = 𝜈𝜈/𝜈𝜈0. The frequency stability of the 
oscillator is characterized by the so-called Allan variance (AVAR), which 
describes how well the oscillator reproduces the same frequency over a 
given time 𝜏𝜏 and is given by 16: 

𝜎𝜎𝑦𝑦2(𝜏𝜏) =
1

2(𝑁𝑁 − 1)
�(𝑦𝑦�𝑖𝑖+1 − 𝑦𝑦�𝑖𝑖)2
𝑁𝑁−1

𝑖𝑖=1

 (3) 
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where N is the number of frequency samples averaged during the 
integration time 𝜏𝜏. The Allan variance 𝜎𝜎𝑦𝑦2(𝜏𝜏), or the Allan deviation 𝜎𝜎𝑦𝑦(𝜏𝜏), 
are unitless and represent the relative frequency stability of the oscillator.  

 

Figure 2.4: Example of Allan deviation of a free-running laser emitting at 1.5 μm measured 
by heterodyning with an ultra-narrow linewidth reference laser. 

 

2.1.5 Oscillator integrated parameters 

The amplitude and frequency/phase noise spectra previously 
introduced in Sections 2.1.2 and 2.1.3 contain most of the information about 
the fluctuations and instabilities of an oscillator. However, it is sometimes 
more convenient to compare the performance of different oscillators by a 
single number. Several such parameters are widely used in the community. 
They are generally obtained by integrating the noise PSD over a certain 
frequency interval. Therefore, these values depend on the observation 
(integration) time of the signal and this integration time (alternatively the 
frequency range of the integration) should always be specified when 
reporting such integrated parameters. Table 2.1 summarizes some of the 
main used integrated values that are listed below. 
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 FWHM or HWHM: full width at half maximum or half width 
at half maximum, respectively. It represents the actual 
linewidth of an oscillator, usually in Hz, which is directly 
derived from the power spectrum. It is also called the linewidth 
at -3 dB. This quantity can go down to zero for low noise 
oscillators.  

 Lorentzian linewidth: hypothetical FWHM of an oscillator 
with a pure white frequency noise, which corresponds to a 
Lorentzian power spectrum. It generally gives information on 
the frequency noise at high Fourier frequencies and on the 
pedestal of the power spectrum. This linewidth is also referred 
to as the Schawlow-Townes linewidth17, the instantaneous 
linewidth, the intrinsic linewidth or the fundamental linewidth. 

 FWHMβ: approximated FWHM calculated from the frequency 
noise PSD using the concept of the β-separation line introduced 
in 2010 by Di Domenico et al18. 

 Integrated phase noise 𝜙𝜙rms: square root of the integrated 
value of the phase noise spectrum (in rad2/Hz) in a given 
frequency interval. This value, in radians (rad), also 
corresponds to the root mean square (rms) value of the 
temporal phase fluctuations. 

 Integrated frequency noise 𝜈𝜈rms: square root of the integrated 
value of the frequency noise spectrum (in Hz2/Hz) in a given 
frequency interval. This value, in Hz, also corresponds to the 
root mean square (rms) value of the temporal frequency 
fluctuations. 

 Integrated amplitude noise, in Volt (V), represents the square 
root of the integrated value of the amplitude noise spectrum in 
a given frequency interval. It also corresponds to the root mean 
square (rms) value of the temporal amplitude fluctuations. 
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The linewidth (FWHM or HWHM) is one of the most common 
parameters used to characterize and compare optical oscillators (i.e., lasers), 
but also sometimes noisy radio-frequency (RF) oscillators. However, this 
parameter has to be used with caution. The definition of the linewidth (i.e., 
at half the maximum value of the lineshape) is somehow arbitrary. 
Moreover, this value depends on the observation time and could 
significantly differ when looking at the power spectrum of an oscillator over 
1 μs or 1 s, for example. In spite of this, the linewidth is a widely used 
parameter to compare lasers, as it is convenient to use a single value. 
However, one should notice that this is very restrictive, as the performance 
of an oscillator cannot be reduced to a single value.  

A direct mathematical link exists between the frequency noise PSD 
and the lineshape of the spectrum19,20. Therefore, the linewidth can in 
principle be assessed from the frequency noise spectrum and can thus be 
determined for different integration times. However, the exact calculation 
is fairly complex and Di Domenico et al.18 introduced in 2010 a simple tool 
to obtain an approximate value of the FWHM linewidth from the frequency 
noise spectrum. We call this value FWHMβ here. This approximation 
provides a good accuracy for signals with a relatively high integrated phase 
noise (typically higher than a few radians). More explanations are given in 
Section 2.2. The FWHMβ value is obtained in a simple way by integrating 
the frequency noise PSD that exceeds the so-called β-separation line 
displayed in Figure 2.5. The β-separation line and the approximated 
linewidth are given by the following formulas: 

 

𝛽𝛽(𝑓𝑓) = 8∙ln(2)
𝜋𝜋2

∙ 𝑓𝑓  , (4) 

FWHM𝛽𝛽 = �8 ∙ ln(2) ∙ 𝐴𝐴   , (5) 

where A is the surface below the frequency noise PSD for all frequency 
components for which the frequency noise is higher than the β-separation 
line, represented by the blue area in Figure 2.5. 
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Figure 2.5: Figure from Di Domenico et al.18. A typical laser frequency noise PSD made of 
1/f noise at low Fourier frequencies and white frequency noise at high Fourier frequencies. 
The red dashed line is the β-separation line which separates the spectrum into the two 
regions: the violet area contributes to the linewidth, the white one contributes only to the 
wings of the line shape function. 

The β-separation line is a very simple and powerful tool that has been 
widely used in the laser community since its introduction. However, it 
remains an approximation that does not provide insights onto the spectral 
line shape of the oscillator with respect to the amplitude and spectral 
distribution of the frequency/phase fluctuations. Building on some old 
statistical tools as developed by D. Middleton20,21 more than 70 years ago to 
link the power spectrum and the frequency noise spectrum, it is explained 
in details in the next section how the power spectrum evolves from a 
coherent Dirac peak (FWHM = 0) to a Gaussian-like spectrum when the 
frequency noise of the oscillator increases. This section is a reprint of an 
article published in IEEE Transactions on Ultrasonics, Ferroelectrics, and 
Frequency Control22. 
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Table 2.1 Oscillator integrated parameters. 
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2.2 Power spectrum computation for an 
arbitrary phase noise using Middleton’s 
convolution series: implementation guideline 
and experimental illustration 

Pierre Brochard1, Thomas Südmeyer1, and Stéphane Schilt1  

1Laboratoire Temps-Fréquence, Institut de Physique, Université de 
Neuchâtel, CH-2000 Neuchâtel, Switzerland. 

In this work, we revisit the convolution series initially introduced by 
Middleton several decades ago to determine the power spectrum (or 
spectral lineshape) of a periodic signal from its phase noise power 
spectral density. This topic is of wide interest as it has an important 
impact in many scientific areas that involve lasers and oscillators. We 
introduce a simple guideline that enables a fairly straightforward 
computation of the power spectrum corresponding to an arbitrary phase 
noise. We show the benefit of this approach on a computational point of 
view, and apply it to various types of experimental signals with different 
phase noise levels, showing a very good agreement with the experimental 
spectra. This approach also provides a qualitative and intuitive 
understanding of the power spectrum corresponding to different regimes 
of phase noise. 

2.2.1 Introduction 

Many scientific areas rely today on stable and low-noise optical or 
microwave oscillators. For instance, ultra-narrow-linewidth cavity-
stabilized lasers are a key element in optical atomic clocks that have 
surpassed the best microwave frequency standards in terms of fractional 
frequency stability in the last decade [1,2]. Such lasers have also produced 
microwave signals with the lowest phase noise to-date by optical-to-
microwave frequency division using an optical frequency comb [3,4].  
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Other types of frequency-stabilized lasers with less stringent frequency 
stability requirements are used in microwave atomic clocks [5] or in optical 
sensing applications, e.g., in differential absorption lidars for the 
monitoring of pollutants or greenhouse gases in the atmosphere [6]. Low-
noise microwave signals are needed, for example, in radar systems, large 
baseline interferometry, or in telecommunications and time 
synchronization. When dealing with low-noise oscillators, it is primordial 
to characterize their noise properties. This is also the case for other types of 
lasers with a higher noise (broader linewidth), even for free-running laser 
sources in some cases.  

The most complete quantity to characterize the noise of an oscillator is 
the phase noise power spectral density (PN-PSD) 𝑆𝑆𝜙𝜙(𝑓𝑓) or the frequency 

noise power spectral density (FN-PSD) 𝑆𝑆𝜈𝜈(𝑓𝑓), which are directly related to 
each other by the well-known relation 𝑆𝑆𝜈𝜈(𝑓𝑓) = 𝑓𝑓2𝑆𝑆𝜙𝜙(𝑓𝑓), where f is the offset 

frequency (or Fourier frequency). However, other simpler values are often 
preferred by the scientific community to characterize and compare 
oscillators, such as the integrated phase noise 𝜙𝜙rms or the full width at half 
maximum (FWHM) of the oscillator power spectrum. Therefore, it is 
important to understand how these values can be obtained from an 
experimental noise spectrum. 

A simple method to retrieve the linewidth of an oscillator (e.g., a laser) 
directly from its FN-PSD without first calculating the corresponding power 
spectrum was proposed by Di Domenico and co-authors [7]. The method is 
easy to implement and proved to be accurate to better than 10% in a large 
range of laser linewidths spanning from kilohertz to megahertz that were 
experimentally studied [8]. Moreover, this method provides a simple 
estimation of the feedback bandwidth that is required in a stabilization 
loop, such as a phase-locked loop (PLL), to suppress the linewidth of the 
oscillator and achieve a tight lock characterized by the presence of a 
coherent peak in the spectrum. However, this approach does not provide 
any information about the shape of the spectrum.  
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Furthermore, its experimental verification was performed in a regime of 
high phase noise that leads to a finite spectral linewidth, but the method has 
not yet been evaluated in a low phase noise regime (with 𝜙𝜙rms in the range 
of 1 rad), where larger discrepancies are expected. 

The problem of determining the power spectrum of a carrier subjected 
to an arbitrary phase noise has been a topic of interest for a long time. In the 
1950’s, Middleton first reported theoretical considerations about the power 
spectrum corresponding to a signal modulated by stationary random 
disturbances, especially in the case of a Gaussian noise [9,10]. In this frame, 
he introduced a series of convolution products of the PN-PSD that is 
referred to as the Middleton’s expansion series. Following this initial work, 
various theoretical studies have been reported based on Middleton’s 
expansion series applied to other types of noise spectra [11-13]. All these 
works primarily concerned the case of modulated electrical oscillators, for 
instance for radio, TV and other kinds of communications signals. They 
generally dealt either with the limiting case of Middleton’s expansion 
obtained for small integrated phase noise values, or with the different case 
of large integrated phase noise described by Woodward’s theorem [14,15], 
respectively. 

Thirty years after Middleton’s initial work, Elliott and co-workers 
discussed for the first time the general mathematical expression to 
determine the power spectrum of an optical oscillator, i.e., a laser, from its 
PN-PSD [16]. As an outcome, the exact linewidth of the laser can be 
extracted. Elliott’s theoretical description is basically similar to Middleton’s 
prior work, but it has been much more spread and used in the laser 
community, whereas Middleton’s work remains poorly known today in 
this area. The main difference between the two approaches, which will be 
reviewed in Section 2.2.2 of this article, lies in the fact that Elliott’s formula 
requires the autocorrelation function of the oscillator phase to be calculated, 
as well as its exponential form, whereas Middleton used an expansion series 
of this term. Elliott’s approach appeared more natural after the 
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universalization of the fast Fourier transform (FFT) algorithm [17] that was 
unknown at the time of Middleton’s initial work, and which is necessary to 
compute Elliott’s formula. Implementing this formula requires a two-step 
integration that needs to be performed numerically. A notable exception is 
the ideal case of an infinite white frequency noise PSD that can be 
analytically solved, leading to a Lorentzian lineshape described by the 
Schawlow-Townes-Henry linewidth [18,19]. In the general case, the 
numerical integration is not easy to implement and some care is required to 
retrieve the correct lineshape without introducing numerical artifacts [8]. 
Therefore, the process is not straightforward and can be fairly time-
consuming (not in terms of pure computational time, but to determine the 
proper computation parameters as will be discussed in Section 2.2.3.2). 
Furthermore, this approach does not provide an intuitive understanding of 
the shape of the power spectrum retrieved for a given PN-PSD.  

At first glance, Middleton’s expansion series may appear 
inappropriate for practical implementation due to its infinite number of 
terms. So far, it has been applied essentially in the extreme situation of low  
phase noise (𝜙𝜙rms ≪ 1), whereas the opposite situation of high phase noise 
(𝜙𝜙rms ≫  1) has been independently described by the central limit theorem 
[20] and by Woodward’s theorem [14,15]. In both situations, the power 
spectrum can be determined or approximated. However, the applicability 
of Middleton’s series in the more general case of an intermediate phase 
noise regime has not been reported so far to the best of our knowledge. A 
reason is that there was no recognized universal criterion enabling an easy 
determination of the number of terms of the series that need to be calculated 
to obtain the proper power spectrum [12]. 

In this article, we revisit Middleton’s expansion and implement it to 
calculate the power spectra corresponding to different types of PN-PSD. As 
an important outcome, we theoretically shows that only a limited number 
of terms of the expansion series have a significant contribution to the power 
spectrum, and these relevant terms only depend on the integrated phase 
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noise, but not on the shape of the PN-PSD. As a result, we give a simple 
guideline to apply Middleton’s series to an arbitrary noise, which is valid 
for any integrated phase noise and type of PN-PSD. We also discuss the 
benefits of Middleton’s series over the usual integration of Elliott’s formula 
to calculate and understand the power spectrum of an oscillator subjected 
to an arbitrary noise. Middleton’s series provides an intuitive 
comprehension of some characteristic spectral features that appear in the 
power spectrum for a given PN-PSD. It predicts not only the presence of a 
coherent peak at the carrier frequency, surrounded by some sideband noise 
components occurring in the well-known regime of low integrated phase 
noise, but it also gives insights to understand and qualitatively describe the 
evolution of the spectrum from a coherent peak to a broader bell-shaped 
spectrum that occurs when the integrated phase noise increases (this bell-
shaped profile tends to a Gaussian spectrum when the variance of the PN-
PSD is finite according to the central limit theorem). Such an intuitive 
understanding cannot be directly obtained from Elliott’s general formula.  

This article is organized as follows. In Section 2.2.2, we will start by a 
short review of the basic theoretical concepts that link the PN-PSD to the 
power spectrum, introducing Elliott’s general formula and then deriving 
the less known Middleton’s expansion. In Section 2.2.3, we will explain how 
to implement Middleton’s expansion in practice, based on a simple criterion 
that we introduce to determine the number of terms of the series that need 
to be considered in the computation. As an example of application, we will 
highlight some advantages provided by Middleton’s expansion, which 
circumvents numerical artifacts that can occur with the use of Elliott’s 
formula. Then, we will show how Middleton’s expansion series enables 
understanding the shape of the power spectrum. Finally, we will present in 
Section 2.2.4 some experimental results obtained from real signals that 
illustrate the different theoretical aspects considered in the previous 
sections, and demonstrate the appropriateness of Middleton’s approach to 
compute power spectra from the PN-PSD of different signals. 
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2.2.2 Theoretical background 

We remind in this section the main theoretical aspects leading to the 
formulas previously derived by Elliott [16] and Middleton [9,10], 
respectively, which link the power spectrum of a signal to its PN-PSD. The 
two formulas derive from the exact same formalism, which is known for a 
long time and commonly used in the community [7,21,22]. We do not 
introduce here new theoretical aspect, the novelty of our work being 
presented in the next sections of this article. However, we estimated 
important to first review the main steps of the derivation of Elliott’s and 
Middleton’s formulas. The only difference between these two expressions 
occurs in their final form, as Middleton’s expansion appears as a Taylor 
series of Elliott’s general formula.  

An ideal (noise-free) oscillator at frequency 𝜈𝜈0 is characterized in the 
spectral domain by a Dirac function. However, a real oscillator is affected 
by some phase noise and is mathematically described by the following 
expression: 

𝐸𝐸(𝑡𝑡) = 𝐸𝐸0sin[2𝜋𝜋𝜈𝜈0𝑡𝑡 + 𝜙𝜙(𝑡𝑡)]  (6) 

where E0 is the amplitude of the signal (the electrical field in the case 
of a laser), 𝜈𝜈0 is the carrier frequency and 𝜙𝜙(t) describes the temporal phase 
fluctuations. The power spectrum 𝑆𝑆𝐸𝐸(ν − ν0) of this signal corresponds to 
the Fourier transform (written as ℱ) of the autocorrelation function 
𝑅𝑅𝐸𝐸(𝜏𝜏) = 〈𝐸𝐸(𝑡𝑡) ∙ 𝐸𝐸(𝑡𝑡 + 𝜏𝜏)〉 of the signal (where 〈 〉 denotes an ensemble 
average):  

𝑆𝑆𝐸𝐸(ν − ν0) = ℱ[𝑅𝑅𝐸𝐸(𝜏𝜏)] (7) 

In the case where the phase variations [𝜙𝜙(𝑡𝑡 + 𝜏𝜏) − 𝜙𝜙(𝜏𝜏)] constitute a 
stationary random process with Gaussian distribution and zero mean value 
as generally encountered [22], the autocorrelation function 𝑅𝑅𝐸𝐸(𝜏𝜏) of the 
signal can be obtained from the autocorrelation function of the phase 
𝑅𝑅𝜙𝜙(𝜏𝜏) = 〈𝜙𝜙(𝑡𝑡) ∙ 𝜙𝜙(𝑡𝑡 + 𝜏𝜏)〉 through the following expression [16,21,22]: 



Chapter 2  Noise characterization of oscillators 

 24 

 𝑅𝑅𝐸𝐸(𝜏𝜏) = 𝐸𝐸02 ∙ 𝑒𝑒𝑅𝑅𝜙𝜙(𝜏𝜏)−𝑅𝑅𝜙𝜙(0) = 𝐸𝐸02 ∙ 𝑒𝑒𝑅𝑅𝜙𝜙(𝜏𝜏) ∙ 𝑒𝑒  −𝑅𝑅𝜙𝜙(0)  (8) 

The autocorrelation function of the phase evaluated at a time delay 𝜏𝜏 
corresponds to the Fourier transform of the PN-PSD 𝑆𝑆𝜙𝜙(𝑓𝑓): 

𝑅𝑅𝜙𝜙(𝜏𝜏) = � 𝑆𝑆𝜙𝜙(𝑓𝑓) ∙ cos (2𝜋𝜋𝜋𝜋𝜋𝜋)
+∞

0
𝑑𝑑𝑑𝑑  (9) 

whereas its value for τ = 0 corresponds to the squared integrated phase 
noise  𝜙𝜙rms: 

𝑅𝑅𝜙𝜙(0) = � 𝑆𝑆𝜙𝜙(𝑓𝑓)
+∞

0
𝑑𝑑𝑑𝑑 =  𝜙𝜙rms2   (10) 

Equations (9) and (10) mathematically involve an integration from 
zero to infinity, which may diverge on either side, e.g., at zero in the case of 
1 𝑓𝑓2⁄  or 1 𝑓𝑓3⁄  PN-PSD. However, we are interested in this work in physical 
experimental signals, which are always observed over a finite time interval, 
so that these integrals remain finite. By combining equations (6) to (10), and 
taking into account the properties of Fourier transforms  
( ℱ[𝛼𝛼] = 𝛼𝛼 δ(x)  where 𝛼𝛼 is a constant and δ(𝑥𝑥) is the Dirac function, and 
ℱ[𝑥𝑥 · 𝑦𝑦] = ℱ[𝑥𝑥] ∗ ℱ[𝑦𝑦], where ∗ denotes the convolution product), the 
following expression is obtained for the power spectrum: 

𝑆𝑆𝐸𝐸(𝜈𝜈 − 𝜈𝜈0) = 𝐸𝐸02 𝑒𝑒−𝜙𝜙rms
2  𝛿𝛿(𝜈𝜈) ∗ ℱ[𝑒𝑒𝑅𝑅𝜙𝜙(𝜏𝜏)] 

=  𝐸𝐸02 𝑒𝑒−𝜙𝜙rms
2  𝛿𝛿(𝜈𝜈) ∗ ℱ[𝑒𝑒∫ 𝑆𝑆𝜙𝜙(𝑓𝑓)∙cos (2𝜋𝜋𝜋𝜋𝜋𝜋)+∞

0 𝑑𝑑𝑑𝑑 ]. 
(11) 

We refer to this expression as Elliott’s formula, as it was first 
introduced by Elliott and co-workers [16] to describe the spectrum of a laser. 
It links the power spectrum 𝑆𝑆𝐸𝐸(ν − 𝜈𝜈0) to the PN-PSD 𝑆𝑆𝜙𝜙(𝑓𝑓) via a two-step 

integration process, described by equations (1) and (9). This integration can 
be solved only numerically in most cases, which makes the shape of the 
power spectrum not intuitive for a given PN-PSD. Some critical points for 
the implementation of this numerical integration must be considered, as 
will be discussed in Section 2.2.3.2. Elliott’s formula can be transformed into 
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a more convenient form by exploiting the series expansion of the 
exponential function. 

𝑒𝑒𝑅𝑅𝜙𝜙(τ) = ∑
𝑅𝑅𝜙𝜙
𝑛𝑛(τ)

𝑛𝑛!
∞
𝑛𝑛=0 = 1 + 𝑅𝑅𝜙𝜙(τ) + ∑

𝑅𝑅𝜙𝜙
𝑛𝑛(τ)

𝑛𝑛!
∞
𝑛𝑛=2  . (12) 

This mathematical development is valid for any phase noise. As a 
physical experimental signal has a finite integrated phase noise 𝜙𝜙rms as 
previously mentioned, the infinite series (12) converges in practice. By 
introducing the series expansion (12) into Elliott’s general formula (11), and 
taking into account the properties of Fourier transforms  
( ℱ[𝑥𝑥 + 𝑦𝑦] = ℱ[𝑥𝑥] + ℱ[𝑦𝑦])  and ℱ[𝑥𝑥 · 𝑦𝑦] = ℱ[𝑥𝑥] ∗ ℱ[𝑦𝑦]), the following 
expression is obtained for the power spectrum, which is valid for any real 
noise type and magnitude: 

                     𝑆𝑆𝐸𝐸(ν− ν0) = 𝐸𝐸0
2 e−𝜙𝜙rms 

2
δ(ν) +𝐸𝐸0

2 e−𝜙𝜙rms 
2
𝑆𝑆𝜙𝜙�𝑓𝑓� 

+𝐸𝐸0
2 e−𝜙𝜙rms 

2
�

1
𝑛𝑛!

∞

𝑛𝑛=2
𝑆𝑆𝜙𝜙�𝑓𝑓� ∗𝑛𝑛−1 𝑆𝑆𝜙𝜙�𝑓𝑓� 

(13) 

This expression is characterized by an infinite series of self-
convolution products of the PN-PSD of different orders n, denoted by the 
symbol ∗𝑛𝑛. We refer to this expression as Middleton’s expansion, as it was 
first introduced by Middleton [9,10]. In contrast to Elliott’s general formula 
that first requires the phase autocorrelation function (9) to be computed for 
a large number of values of the time delay τ, Middleton’s approach directly 
deals with multiple self-convolution products of the double side-band PN-
PSD 𝑆𝑆𝜙𝜙�𝑓𝑓�, which are easier to compute and do not depend on the particular 

choice of some computational parameters. The price to pay is that the 
expansion series contains an infinite number of terms, which has prevented 
its implementation in other cases than the extreme condition of small 
integrated phase noise. We will show in the next section that only a limited 
number of terms have a significant contribution to the spectrum for finite 
values of 𝜙𝜙rms (which is always the case experimentally as previously 
explained) and we will provide a simple guideline for the numerical 
implementation of Middleton’s expansion for an arbitrary PN-PSD.  
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The decomposition in different convolution products occurring in 
Middleton’s expansion will also enable us to qualitatively understand the 
shape of the power spectrum, which is not so easy with Elliott’s general 
formula. By analyzing Middleton’s expression (13), one notices that the 
fundamental term of the series (order n = 0) is a delta (Dirac) function 

centered at the carrier frequency 𝜈𝜈0. The amplitude of this term (𝐸𝐸02 𝑒𝑒−𝜙𝜙rms
2 ) 

depends on the squared integrated phase noise. This delta function 
corresponds to the commonly called coherent peak. This term is always 
present in the series, but its amplitude is significant only when the signal 
has a low integrated phase noise, typically in the range of 1 rad or smaller, 
otherwise its exponential decay with respect to 𝜙𝜙rms2  makes it negligible [22]. 
The important parameter to assess the presence of a coherent peak is its 
relative power, i.e., the ratio between the carrier power and the integrated 

signal power, which corresponds to 𝑒𝑒−𝜙𝜙rms
2 . For instance, for an integrated 

phase noise 𝜙𝜙rms = 2 rad, approximatively 2% of the signal power is 
contained in the coherent peak. It is experimentally possible to observe it 
using a spectrum analyzer with a sufficiently high resolution. 

The first-order term (n = 1) of Middleton’s expansion (13) is directly 
proportional to the PN-PSD and is located on each side of the coherent peak 
centered at 𝜈𝜈0. This term is the dominant contribution, besides the 0-th order 
term responsible for the coherent peak, in the low phase noise regime 
(𝜙𝜙rms ≪  1), as well-known from textbooks on the subject 15. The higher 
order terms (n >1) correspond to higher order convolution products. Their 

expression for the terms of lowest orders (n = 0, 1, 2, 3) is listed in Table II. 
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Order n = 0 𝐸𝐸02 𝑒𝑒−𝜙𝜙rms
2  δ(ν) 

Order n = 1  𝐸𝐸02 𝑒𝑒−𝜙𝜙rms
2  𝑆𝑆𝜙𝜙(𝑓𝑓) 

Order n = 2  
1
2
𝐸𝐸02 𝑒𝑒−𝜙𝜙rms

2  𝑆𝑆𝜙𝜙(𝑓𝑓) ∗ 𝑆𝑆𝜙𝜙(𝑓𝑓) 

Order n = 3  
1
6
𝐸𝐸02 𝑒𝑒−𝜙𝜙rms

2  𝑆𝑆𝜙𝜙(𝑓𝑓) ∗ 𝑆𝑆𝜙𝜙(𝑓𝑓) ∗ 𝑆𝑆𝜙𝜙(𝑓𝑓) 
 

Table II. First Terms of Middleton’s Expansion in a Series of PN-PSD Self-Convolution 
Products 

 

2.2.3 Computation of Middleton’s expansion  

2.2.3.1 Practical implementation of Middleton’s expansion 

Middleton’s expansion (13) is made of an infinite series of convolution 
products of the PN-PSD. The number of terms to be considered to 
accurately compute the power spectrum depends on their respective 
weight, which is characterized by the relative power contained in each term, 
i.e., its integrated value or area An (moment of order 0): 

𝐴𝐴0 =  𝑒𝑒−𝜙𝜙𝑟𝑟𝑟𝑟𝑟𝑟 
2  

𝐴𝐴𝑛𝑛 =  𝑒𝑒−𝜙𝜙𝑟𝑟𝑟𝑟𝑟𝑟 
2 1

𝑛𝑛!
�𝑆𝑆𝜙𝜙(𝑓𝑓) ∗𝑛𝑛−1 𝑆𝑆𝜙𝜙(𝑓𝑓)𝑑𝑑𝑑𝑑, for 𝑛𝑛 >  0  

(14) 

To calculate the relative power in each term of the series, one makes 
use of the following general property of the convolution products: the 
integral A[y(x)] of any function y(x) corresponding to the convolution 
product of two functions g(x) and f(x), 𝑦𝑦(𝑥𝑥) =  𝑔𝑔(𝑥𝑥) ∗ 𝑓𝑓(𝑥𝑥), is equal to the 
product of the areas of the two functions: 𝐴𝐴[𝑦𝑦(𝑥𝑥)] = 𝐴𝐴[𝑔𝑔(𝑥𝑥)] ∙ 𝐴𝐴[𝑓𝑓(𝑥𝑥)]. 
Applying this property to the self-convolution product of order n > 0 of a 
function h(x), 𝑦𝑦(𝑥𝑥) = ℎ(𝑥𝑥) ∗𝑛𝑛−1 ℎ(𝑥𝑥), leads to 𝐴𝐴[𝑦𝑦(𝑥𝑥)] = (𝐴𝐴[ℎ(𝑥𝑥)])𝑛𝑛. In our 
case, the considered function is the phase noise spectrum 𝑆𝑆𝜙𝜙(𝑓𝑓) and its area 

corresponds to the squared integrated phase noise 𝐴𝐴�𝑆𝑆𝜙𝜙(𝑓𝑓)� = 𝜙𝜙rms2
. 
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Therefore, 𝐴𝐴�𝑆𝑆𝜙𝜙(𝑓𝑓) ∗𝑛𝑛−1 𝑆𝑆𝜙𝜙(𝑓𝑓)� = 𝐴𝐴[𝑆𝑆𝜙𝜙(𝑓𝑓)]𝑛𝑛 = (𝜙𝜙rms2 )𝑛𝑛 and the relative 

power contained in the term of order n of Middleton’s series (13) is given: 

 𝐴𝐴𝑛𝑛 = 𝑒𝑒−𝜙𝜙rms 
2 (𝜙𝜙rms

2 )𝑛𝑛

𝑛𝑛!
  (15) 

This expression indicates that the relative power of each term of order 
n of Middleton’s series follows a Poisson distribution that is independent of 
the amplitude and shape of the phase noise spectrum 𝑆𝑆𝜙𝜙(𝑓𝑓), but depends 

only on the squared integrated phase noise 𝜙𝜙rms 
2 . Summing the relative 

power 𝐴𝐴𝑛𝑛 of all terms with n > 0 leads to a value of � 1 − 𝑒𝑒−𝜙𝜙rms 
2 � that 

corresponds to the total power of the signal out of the coherent peak. 

The Poisson distribution has a median value that is very close to 𝜙𝜙rms 
2  

and a variance rigorously equal to 𝜙𝜙rms2 , so that its width (standard 
deviation) corresponds to 𝜙𝜙rms. This distribution tends to a normal 
(Gaussian) distribution centered at 𝜙𝜙rms 

2  with a variance 𝜙𝜙rms 
2  at high 

integrated phase noise. In this case, one can determine the term of 
maximum order 𝑛𝑛max that needs to be taken into account in Middleton’s 
series to accurately determine the power spectrum, by requiring that the 
cumulated contribution (in terms of relative power) of all higher order 
terms that are neglected is smaller than a given tolerance factor ε. Using the 
cumulative distribution function of the Gaussian distribution, the following 
expression is obtained: 

𝑛𝑛max = ⌊𝜙𝜙rms2 + 𝜙𝜙rms�−2 ∙ ln (𝜀𝜀)  ⌉  
 

(16) 

where the symbol ⌊. ⌉ represents the nearest integer, but nmax ≥ 1 in all cases 
(the first order term n = 1 is always considered in addition to the coherent 
peak given by n = 0 when the argument in the nearest integer function in 
(16) is smaller than 0.5). The simple parameter nmax can be straightforwardly 
and unambiguously determined prior to the spectrum computation for any 
PN-PSD. Equation (16) is strictly valid for a Gaussian distribution, i.e., in 
the case of high integrated phase noise values. However, it remains a very 



2.2  Power spectrum computation using Middleton’s convolution series  

29 

good approximation also for a Poisson distribution, i.e., in the general case 
of any integrated phase noise values as shown below. 

With this criterion, Middleton’s series of convolution products is fairly 
easy to implement for any noise spectrum. Such a simple condition has not 
been proposed before to the best of our knowledge. From our numerous 
experimental observations (see some examples in Section 2.2.4) and 
considering the cumulative distribution function of the Poisson 
distribution, a tolerance factor ε = 1% is sufficient to accurately compute the 
power spectrum from the PN-PSD, as more than 98.4% of the total signal 
power is contained in the considered terms for any value of  𝜙𝜙rms. This 
fraction increases even up to ~99.86% for a Gaussian distribution of the 
relative power of the different terms of Middleton’s series that is obtained 
at high 𝜙𝜙rms. With ε = 1%, the previous expression (16) can be simplified 
into the simpler following formula that involves only the integrated phase 
noise: 

𝑛𝑛max = ⌊𝜙𝜙rms2 + 3𝜙𝜙rms ⌉ 
 

(17) 

A double-sideband PN-PSD must be used in the computation of 
Middleton’s expansion to retrieve a correct power spectrum. The PN-PSD 
must be known with the same spectral resolution as targeted for the power 
spectrum. Furthermore, we used the following recurrence relation to 
calculate the successive convolution orders: 

 

𝑆𝑆𝜙𝜙(𝑓𝑓) ∗𝑛𝑛 𝑆𝑆𝜙𝜙(𝑓𝑓) = 𝑆𝑆𝜙𝜙(𝑓𝑓) ∗ �𝑆𝑆𝜙𝜙(𝑓𝑓) ∗𝑛𝑛−1 𝑆𝑆𝜙𝜙(𝑓𝑓)�  (18) 
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Fig. 2.6.  Comparison of the power spectra computed using Elliott’s general formula (by 
Fourier transform of the autocorrelation function) and Middleton’s expansion method (using 
a series of convolution products). (a) PN-PSD used in the simulations, made of a rectangular 
narrow-band noise centered at 850 Hz with a bandwidth of 300 Hz and an amplitude of 0.01 
rad²/Hz (integrated phase noise of 1.73 rad). (b) Power spectrum retrieved with Elliott’s 
standard method. (Inset) Zoom on Gibbs’ artifact [23-26] occurring at the transition of the 
rectangular first sideband resulting from the Fourier transform involved in Elliott’s standard 
method. (c) Power spectrum retrieved using Middleton’s convolution products expansion. 
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2.2.3.2 Benefit of Middleton’s approach over Elliott’s formula 

To compare the use of Middleton’s expansion with Elliott’s general 
formula for the computation of power spectra, we first considered a 
rectangular PN-PSD bounded between 700 Hz and 1 kHz and of amplitude 
𝑆𝑆𝜙𝜙0  = 0.01 rad²/Hz as displayed in Fig. 2.6-a (corresponding to 

𝜙𝜙rms2 = 3 rad2). Very similar results are numerically obtained for the same 
resolution bandwidth of 1 Hz using Elliott’s formula (see Fig. 2.6-b) and 
Middleton’s expansion series (see Fig. 2.6-c) computed up to the term of 
order nmax = 8 according to our reported criterion (17). In both cases, the 
coherent peak reaches ≈50 mV²/Hz (here 𝐸𝐸0 = 1 V) and similar sidebands 
(same shape, same amplitude) are observed at the various harmonics of the 
noise center frequency f0. However, the spectrum obtained using Elliott’s 
formula, which involves a Fourier transform, presents some oscillations at 
the transition of the rectangular part of the first order sidebands (see inset 
of Fig. 2.6-b). These oscillations constitute a computational artifact, which is 
a typical effect of Fourier transforms known as Gibbs’ phenomenon [23-26]. 
The spectrum obtained using Middleton’s expansion is not affected by such 
artifact and is more accurate. 

The numerical implementation of Elliott’s formula to simulate the 
power spectrum corresponding to an arbitrary PN-PSD is not a 
straightforward procedure. Great care is required in this implementation to 
retrieve a correct spectral lineshape. The method requires the 
autocorrelation function of the signal to be calculated from the PN-PSD for 
an ensemble of correlation times τ. Therefore, the integral (9) needs to be 
computed a large number of times for different values of τ. The overall 
range of values of the correlation time τ and the sampling rate of the 
autocorrelation function must be properly set to obtain the correct spectrum 
lineshape by Fourier transform (6), but they cannot be chosen fully 
independently. An improper choice of these parameters may lead to 
numerical artifacts, resulting in an incorrect spectrum. We illustrate this 
effect with a real example shown in Fig. 2.7. For this purpose, we generated 
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an experimental test signal using a waveform generator frequency-
modulated by a band-pass-filtered white noise (more details about the 
experimental conditions will be given in Section 2.2.4). We measured both 
the PN-PSD of this signal (Fig. 2.6-a) and its power spectrum using a phase 
noise analyzer (FSWP from Rohde & Schwarz). We also separately 
computed the corresponding power spectrum using both Elliott’s formula 
and Middleton’s expansion series (see Fig. 2.6-c). The computation of 
Elliott’s formula requires the autocorrelation function of the phase of the 
signal to be calculated in a first step according to (9). The result is shown in 
Fig. 2.6-b. When only the central part of this signal in the range of ±0.1 s was 
considered in the Fourier transform (6), a correct power spectrum was 
retrieved, similar to the measured spectrum (not show in the figure). 
However, the resulting spectral resolution was only 10 Hz in this case. To 
achieve a 1-Hz resolution that is straightforwardly obtained using 
Middleton’s expansion, the autocorrelation function needs to be considered 
in a larger range of ±1 s. In this case, an erroneous power spectrum was 
obtained as illustrated in Fig. 2.6-c, which results from artifacts occurring in 
the autocorrelation function at |𝜏𝜏| > 0.2 s. In contrast, Middleton’s series 
computed up to the term of order nmax = 10 (for an integrated phase noise 
𝜙𝜙rms = 2 rad) is in excellent agreement with the experimental spectrum 
measured with 1-Hz resolution. For the computation of Elliott’s formula, 
the choice of the τ values is not trivial as the spectrum to be retrieved is not 
known a priori, and may require an iterative process. Therefore, this process 
may be fairly time-consuming. On the opposite, the number of terms of 
Middleton’s expansion series to be used in the computation is 
unambiguously determined prior to the calculation according to our simple 
expression (17). Then, the computation only requires multiple self-
convolution products of the PN-PSD, which may be simpler and faster to 
implement, and circumvents some artifacts that can occur in the 
computation of Elliott’s formula. 
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Fig. 2.7. Example of artifact that can occur in the computation of the power spectrum using 
Elliott’s formula, in comparison with the use of Middleton’s expansion series. (a) 
Experimental PN-PSD used in the computations, which was delivered by a waveform 
generator frequency-modulated by a band-pass-filtered white noise (with an integrated 
phase noise of 2 rad). (b) Autocorrelation function calculated from Eq. (9) that is used in 
Elliott’s formula. (Inset) Zoom on the central part (-0.02 s to 0.02 s). (c) Power spectrum 
retrieved using Middleton’s expansion (green line) and Elliott’s formula (blue line). The 
measured experimental spectrum, not displayed here for the clarity of the plot, coincides 
with the spectrum obtained with Middleton’s series. (Inset) Zoom on the graph between 
250 Hz and 350 Hz showing the discrepancies obtained with the computation of Elliott’s 
formula. 
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2.2.3.3 Qualitative power spectrum description 

Computing the power spectrum with Middleton’s expansion has the 
major advantage that the shape of the spectrum can be qualitatively 
explained. It also elucidates the transformation of the power spectrum from 
a zero-linewidth coherent peak to a broader bell-shaped spectrum at 
increasing integrated phase noise. 

By looking at the individual terms of Middleton’s series of 
convolution products (13), the resulting shape of the power spectrum can 
be clearly understood as illustrated in Fig. 2.8. Here, the same rectangular 
PN-PSD as shown in Fig. 2.6-a was considered, with a relatively low 
integrated phase noise of 1.73 rad. The first six terms of lowest orders (n = 0 
to 5) of Middleton’s series are displayed on the plot, their mathematical 
form follows the expressions listed in Table II.  The coherent peak in the 
center of the spectrum (dark blue line) corresponds to the 0-th order term. 
The first order term (n = 1) is directly proportional to the PN-PSD, it has the 
same rectangular shape centered at ±f0 (dark red line). The second order 
term (n = 2) corresponds to the convolution of the PN-PSD with itself, 
resulting into a triangular shape (blue line). The PN-PSD being double-
sideband, three triangular functions are obtained: one is located at the 
carrier frequency and two sidebands of halved amplitude are located at ±2f0. 
The third order component (n = 3) is made of Gaussian-like (bell-shaped) 
sidebands centered at ±f0 and ±3f0 (orange line) that results from the 
convolution between a rectangle and a triangle. Similarly, higher order 
terms tend more and more towards Gaussian sidebands centered at various 
harmonics of the noise frequency f0. The complete power spectrum is the 
sum of all individual components, leading to a spectrum similar to Fig. 
2.6-c, made of sidebands of different shapes (e.g., a triangle at 𝜈𝜈 = 𝜈𝜈0 and 
𝜈𝜈 = 𝜈𝜈0 ± 2𝑓𝑓0, two deformed rectangles at 𝜈𝜈0 ± 𝑓𝑓0 , etc…). An important 
remark here is that even order terms of the convolution series have a 
maximum value at the center of the spectrum, but odd order terms do not. 
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For an integrated phase noise of 10 rad, the Poisson distribution (15) 
of the relative power contained in each mode of Middleton’s series shows 
that the low order convolution products become totally negligible and the 
terms of order n ≈ 100 are dominant. A high order self-convolution of any 
real signal (i.e., with a PN-PSD bounded between fmin > 0 and fmax < ∞, such 
that its variance - moment of order 2 - is finite) tends towards a Gaussian 
distribution according to the central limit theorem [20]. Furthermore, the 
sum of several weighted Gaussian curves remains Gaussian-like. Therefore, 
it becomes clear that any PN-PSD produces a Gaussian-like (or bell-shaped) 
spectrum as illustrated in Fig. 2.9 as soon as its integrated phase noise is 
relatively large, typically higher than some radians in the aforementioned 
example of a rectangular PN-PSD (however, the transition to a Gaussian-
like spectrum may occur at higher  𝜙𝜙rms values for other types of PN-PSD). 
This result was already known from Woodward’s theorem, which states 
that the spectrum of a high-index frequency-modulated waveform is 
approximated by the probability distribution of the modulating wave 
shifted by the carrier frequency [14,15]. This leads to a Gaussian spectrum 
in the case of a high integrated phase noise, independently of the use of 
Middleton’s series. However, this approximation is valid only in the case of 
a high integrated noise. The advantage of the use of Middleton’s series that 

 

Fig. 2.8.  First six individual terms  of Middleton’s series computed for a rectangular PN-PSD 
as displayed in Fig. 2.6-a. Dark blue, blue and violet lines are even order terms (n = 0, 2, 4). 
Red, orange and yellow lines are odd order terms (n = 1, 3, 5). 
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we revisit in this article is its applicability to any integrated phase noise 
condition.  

 

 

Fig. 2.9.  Power spectrum determination using Middleton’s expansion series for an 
arbitrarily distributed PN-PSD with two different amplitudes ( 𝜙𝜙rms = 2 rad and 
𝜙𝜙rms = 6 rad, respectively). (a) Arbitrary PN-PSD considered in the simulations. (b, c) 
Corresponding power spectra computed using Middleton’s series (13) up to the order 
nmax= 10 and nmax = 54, respectively, according to (17).  
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In complement to our previous theoretical considerations (see Section 
2.2.3.1 and earlier in the present section), we numerically confirmed the 
validity of the transition to a Gaussian-like spectrum at high integrated 
phase noise for a large number of PN-PSD of various shapes, such as 
bounded flicker phase noise, white phase noise, or more "exotic" noise 
PSDs, and of different amplitudes. An example is shown in Fig. 2.9-a for an 
arbitrarily distributed PN-PSD with two different amplitudes 
corresponding to an integrated phase noise of 2 and 6 rad, respectively. In 
the first case (Fig. 2.9-b), a coherent peak is apparent in the power spectrum, 
surrounded by some bumps at ≈ ±3 kHz which are induced by the noise 
bump also present in the PN-PSD. This case mimics a real situation 
encountered in a stabilization loop, for instance a PLL to stabilize an 
oscillator onto a reference signal, which produces such a servo bump both 
in the PN-PSD and in the power spectrum. In the second case with a higher 
integrated noise of 6 rad (Fig. 2.9-c), the computed power spectrum has a 
Gaussian shape as explained before, as the dominant orders of the 
convolution products series are fairly large (around 36 here), so that the 
high order self-convolution terms of the PN-PSD tend toward a Gaussian 
distribution. This example shows that the regime of high integrated phase 
noise leading to a Gaussian power spectrum occurs already for 𝜙𝜙rms values 
of a few radians in this case (typically 𝜙𝜙rms > 𝜋𝜋). 
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2.2.4 Experimental illustrations and validations 

In Sections 2.2.2 and 2.2.3, we have shown how to compute the power 
spectrum of a signal from its PN-PSD based on Middleton’s series of 
convolution products. Here, we present experimental results that illustrate 
the different aspects previously addressed on the theoretical point of view 
for the implementation of Middleton’s series. In particular, these results 
confirm the suitability of the relationship (17) that we have introduced to 
determine the number of terms of the infinite series to be taken into account 
in the computation. In a first illustrative example, we will present the 
dependence of the relative power of the coherent peak as a function of the 
integrated phase noise that was discussed in Section 2.2.2, in the cases of 
low and intermediate integrated phase noises. Then, we will apply 
Middleton’s series to different types of experimental PN-PSD covering the 
regimes of low, intermediate and high integrated phase noise. In all cases, 
we will show the excellent agreement obtained in comparison with 
experimentally measured power spectra. 

Fig. 2.10.  Power spectrum computed using Middleton’s series (13) with nmax = 130 terms 
according to (17) for a rectangular PN-PSD with a high integrated phase noise of 10 rad, 
leading to a Gaussian distribution. 
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2.2.4.1 Relative power of the coherent peak 

A function generator (Agilent 33250A) modulated in frequency by an 
external voltage was used to generate various types of PN-PSD with a 
different integrated phase noise. The external voltage was tailored by 
filtering a white noise source by a narrow-band filter made of two cascaded 
tunable high-pass and low-pass filters (Stanford Research Systems SIM965) 
to generate PN-PSDs that approximate the ideal rectangular noise 
considered in the previous simulations (see Fig. 2.6-a). The cut-off 
frequencies of the high-pass and low-pass filters were first adjusted at 
~600 Hz and ~800 Hz, respectively, to produce a narrow-band noise. Then, 
the cut-off frequencies were shifted to 3 kHz (high-pass) and 8 kHz (low-
pass) to generate a broader PN-PSD. In both cases, the noise level was 
varied to achieve different values of 𝜙𝜙rms. In addition, we also used the 
"real" signal of the carrier envelope offset (CEO) beat of a commercial self-
referenced optical frequency comb (FC1500 from Menlo Systems, 
Germany). More details are given in the next section 2.2.4.2 about the use of 
this system. In all cases, both the PN-PSD and the power spectrum of the 
signals under test were measured using a phase noise analyzer (FSWP26 
from Rohde & Schwarz). Fig. 2.11 shows the dependence of the relative 
power of the coherent peak as a function of the integrated phase noise. An 
excellent agreement is observed between the experimental points obtained 
for the different aforementioned signals at various noise levels and the 

theoretical curve  𝑒𝑒−𝜙𝜙rms
2

 obtained from the first term of Middleton’s 
expansion series (order 0 in Table II).  
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2.2.4.2 Validation of Middleton’s power spectra computation  

We have experimentally validated the computation of Middleton’s 
series (13) restricted to the number of terms defined by our formula (17). 
For this purpose, we used the CEO beat signal of our frequency comb as a 
test signal. As this signal was relatively noisy and did not allow us to 
directly achieve the phase noise regimes of interest for this study, we 
frequency-divided it by a factor 16 or 4 using frequency pre-scalers (RF Bay 
FPS-16-4 or FPS-4-20, respectively). Changing the servo-controller gain in 
the CEO stabilization loop enabled different shapes of PN-PSD and various 
values of integrated phase noise to be obtained. To achieve the regime of 
low phase noise, with directly used the output signal at ~10 MHz of a 
frequency synthesizer (HP 3314A). These three different cases 
corresponding to low, intermediate and high phase noise values are 
displayed in Fig. 2.12. Based on our previous theoretical considerations 
discussed in Section 2.2.3, we can define a more precise delimitation 
between these different noise regimes compared to the two extreme cases 

Fig. 2.11.  Experimental validation of the dependence of the relative power contained in the 
coherent peak as a function of the integrated phase noise. Results were obtained for three 
different types of noise: from signals generated by a frequency-modulated synthesizer with 
different bandwidths of the induced noise (blue and green dots) and from the CEO beat of an 
optical frequency comb (red dots). The gray curve represents the theoretical dependence  

 𝑒𝑒−𝜙𝜙rms
2

. 
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that are generally considered (i.e., low noise for 𝜙𝜙rms ≪ 1 and high noise for 
𝜙𝜙rms ≫ 1). In the case of low phase noise characterized by a power spectrum 
consisting of a coherent peak surrounded on each side by the PN-PSD 𝑆𝑆𝜙𝜙(𝑓𝑓) 

[22], only the terms n = 0 and 1 of Middleton’s expansion series (13) 
contribute to the spectrum. Therefore, we chose to consider 
𝜙𝜙rms2 + 3𝜙𝜙rms  < 1.5 in (17) as an upper limit, which roughly corresponds to 
 𝜙𝜙rms < 𝜋𝜋/8. In this low phase noise regime, one has nmax = 1, meaning that 
only the two terms n = 0 and n = 1 are considered in Middleton’s series. In 
this case, at least 85% of the signal power is contained in the coherent peak 
and more than 98.9% in the two first components n = 0 and n = 1 (calculated 
from (15)). For integrated phase noise values larger than ~ 𝜋𝜋/8 rad, more 
terms of Middleton’s series need to be taken into account (𝑛𝑛max ≥ 2) to 
determine the correct power spectrum. We have shown at the end of Section 
2.2.3.3 that the regime of high phase noise leading to a bell-shaped envelope 
spectrum occurs already at a phase noise of a few radians, due to the 
smoothing behavior of the convolution product. We define the lower limit 
of this noise regime as 𝜙𝜙rms > 𝜋𝜋. In this case, less than 0.06‰ of the signal 
power is contained in the coherent peak, and at least 20 terms of 
Middleton’s series need to be considered to accurately compute the power 
spectrum, which corresponds to a minimum accuracy of 99.5% in terms of 
the total power of the retrieved spectrum. The range of intermediate phase 
noise corresponds to 𝜋𝜋/8 < 𝜙𝜙rms < 𝜋𝜋, i.e., to 20 >  𝑛𝑛max ≥ 2 in terms of 
maximum order term in Middleton’s series. It leads to a more complex 
shape of the power spectrum, which is obtained with a relative power 
accuracy between 98.88% and 99.94%.  

For each of our experimental signals, we measured both the PN-PSD 
and the power spectrum using the same phase noise analyzer as in the 
previous section. From the measured PN-PSD, we also computed the 
corresponding power spectrum using Middleton’s expansion (13) up to a 
term of maximum order nmax given by (17). In the considered examples, 
nmax = 1, 7 and 31, respectively, for integrated phase noise values 
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𝜙𝜙rms ≈  0.4, 1.45 and 4.22 rad. We compared the result of the simulations 
(green lines in Fig. 2.12) with the directly measured power spectra (blue 
lines), obtaining an excellent agreement in all cases. The three reported 
examples represent real signals corresponding to the three characteristic 
regimes of phase noise where the power spectrum is made of (a) a coherent 
peak surrounded on both sides by the PN-PSD 𝑆𝑆𝜙𝜙(𝑓𝑓) for low phase noise 

(𝜙𝜙rms < 𝜋𝜋/8), (b) a sum of successive convolution products of 𝑆𝑆𝜙𝜙(𝑓𝑓) around 

a weaker coherent peak at intermediate phase noise (𝜋𝜋/8 < 𝜙𝜙rms < 𝜋𝜋) and 
(c) a bell-shaped (Gaussian) spectrum resulting from the multiple self-
convolution products of 𝑆𝑆𝜙𝜙(𝑓𝑓) at high phase noise (𝜙𝜙rms > 𝜋𝜋). Despite the 

first case is well known from textbooks [22], the two other cases are easily 
and accurately computed using the proposed approach of Middleton’s 
series restricted to the terms of orders up to nmax given by (17). This is a 
significant advantage compared to the use of Elliott’s general formula that 
is not so simple to apply in such cases.     

 

 

Fig. 2.12.  Comparison of the power spectra computed using Middleton’s series with 
experimental spectra. Top: experimental PN-PSD measured for different signals 
corresponding to the three regimes of low (a), intermediate (b) and high (c) integrated phase 
noise. Bottom: Corresponding power spectra experimentally measured (blue traces) and 
computed (green traces) using Middleton’s series restricted to the terms of order up to nmax as 
given by (17). Here nmax = 1 (a), 7 (b) and 31 (c). 
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2.2.5 Conclusion 

In this work, we revisited the relationship that links the PN-PSD of a 
signal to its power spectrum. The exact formula has been known for a long 
time, and has been introduced for the first time in the field of lasers by 
Elliott and co-workers [16]. However, computing this formula with real 
phase noise data is not straightforward and can be fairly time-consuming. 
Indeed, it involves a double integration process, which requires a careful 
adjustment of two parameters, the sampling rate of the autocorrelation 
function and the overall range of the time delay τ. These parameters cannot 
be chosen completely independently and their selection depends on the 
final frequency range and resolution that are targeted for the computed 
power spectrum, which are generally unknown a priori.   

In this work, we presented the high benefits offered by a different 
approach based on a Taylor expansion of Elliott’s formula into a series of 
self-convolution products of the PN-PSD that was first introduced by 
Middleton [10]. Despite its anteriority, Middleton’s expansion series has 
been much less known and used than Elliott’s formula to our knowledge, 
especially in the laser community. This is unfortunate, as the use of 
Middleton’s expansion series offers many advantages. On a qualitative 
point of view, the shape of the power spectrum corresponding to an 
arbitrary PN-PSD can be easily understood in all different regimes of low, 
intermediate and high integrated phase noise that are well known for some 
of them, but much less for others. Our theoretical considerations have also 
enabled us to better define the boundaries of these three noise regimes. On 
a quantitative point of view, we have theoretically and experimentally 
shown that only a limited number of terms of the infinite series have a 
significant contribution to the power spectrum. We have introduced a 
simple guideline given by Eq. (17) to determine these terms. This number 
depends only on the integrated phase noise of the signal, and not on the 
shape of its PN-PSD. Therefore, this parameter can be easily and 
unambiguously determined prior to the calculation, which is not the case in 
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the computation of Elliott’s general formula. We have shown that an 
improper choice of the parameters used to compute Elliott’s formula can 
lead to significant discrepancies in the computed power spectrum. Even 
with proper parameters, other artifacts (such as Gibbs’ artifact) can result 
from the Fourier transform involved in Elliott’s general formula. In contrast, 
the use of Middleton’s series as proposed in this work is very direct and 
does not rely on some particular choice of computation parameters. 

For these reasons, we believe that the computational approach that we 
have reported in this article based on Middleton’s series can benefit many 
scientists who are interested in precisely determining the spectrum 
lineshape of an oscillator from its PN-PSD in a simple way, instead of only 
getting an approximate value of its linewidth [7]. This method deserves to 
be considered by the laser community as a viable and simpler alternative to 
the computation of Elliott’s general formula. In a next step, we plan to use 
this computational approach to quantitatively determine the domain of 
validity and accuracy of the linewidth approximation obtained from the β-
separation line concept that is widely used in the laser community [7], 
especially in the low noise regime where the FN-PSD approaches this limit, 
and to study in detail the transition from a finite linewidth to a coherent 
peak spectrum. 
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Characterization of optical 
frequency combs 

 

The optical spectrum of a frequency comb, for instance generated by 
a mode-locked laser but also by a micro-resonator24 or a quantum cascade 
laser (QCL)25, is defined by only two radio-frequencies 𝑓𝑓CEO and 𝑓𝑓rep. In the 

frequency domain representation, 𝑓𝑓CEO corresponds to the offset frequency 
of the entire optical spectrum (i.e., this parameter affects all modes in the 
same way) and 𝑓𝑓rep is the frequency spacing between the modes (i.e., this 

parameter has a multiplicative effect on the different modes, with a scaling 
factor N that corresponds to the mode number). In this respect, the absolute 
optical frequency 𝜈𝜈𝑁𝑁 of each optical line can be derived from only two 
electrically measurable signals, as described by the comb equation 
 𝜈𝜈𝑁𝑁 = 𝑁𝑁 ∙ 𝑓𝑓rep + 𝑓𝑓CEO (Figure 1.1). The mode spacing 𝑓𝑓rep is generally easy to 

measure and characterize as it can be detected by sending the laser light 
onto a photodetector with a sufficient bandwidth. The situation is much 
more difficult for the second comb parameter 𝑓𝑓CEO. The traditional method 
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to detect 𝑓𝑓CEO is based on non-linear interferometry (mainly f-to-2f 
interferometry7) and requires a wide (one frequency octave) coherent 
optical spectrum which is challenging to achieve, especially for combs with 
repetition rates higher than 1 GHz8. Indeed, the generation efficiency of the 
required octave-spanning spectrum that is obtained by spectral broadening 
in a non-linear medium like an optical fiber directly scales with the optical 
peak power. The lower the repetition rate and pulse duration, the broader 
the generated supercontinuum spectrum at constant average optical power. 
Therefore, detecting the CEO frequency by f-to-2f interferometry is 
generally more challenging for high repetition rates. However, getting 
information about the noise level of the CEO frequency and about its 
modulation capabilities before being able to detect it directly by f-to-2f 
interferometry is attractive to characterize and better understand new comb 
technologies.  

In this chapter, an alternative and versatile method is presented and 
applied to various laser systems to indirectly characterize the offset 
frequency of a comb spectrum without the need for non-linear 
interferometry or an octave-spanning spectrum. This method was 
developed in the frame of this thesis and is based on the transfer oscillator 
concept9. It was first implemented and validated using a commercial self-
referenced fiber-based mode-locked laser operating at a repetition rate 
frequency of 250 MHz, enabling a direct comparison of the results of this 
new method with an f-to-2f interferometer. This is presented in Section 3.1, 
which is a reprint of an article published in Optics Letters26. 

After its proof-of-principle demonstration and validation, this method 
was used for the full spectral characterization of three different types of 
comb spectra. The first one was a prototype of a vertical external-cavity 
surface-emitting laser (VECSEL) emitting at 1030 nm with a repetition rate 
frequency of 1.8 GHz. This laser was developed at ETH Zürich and it is 
based on a semiconductor gain chip that generates sub-300-fs pulses with 
an average power of 90 mW distributed within a 4-nm broad optical 
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spectrum. The characterization of the carrier-offset frequency of this laser 
using the developed method is reported in Section 3.2, which is a reprint of 
an article published in Optics Letters27. A few months later, the CEO 
frequency of this laser was detected by f-to-2f interferometry and was 
stabilized at the LTF8.  

The second laser system that was characterized is an Er:Yb:glass laser 
oscillator (ERGO) emitting ~4 mW at 1.5 μm with pulses of ~3 ps duration 
and with a repetition rate of 25 GHz, for which a coherent octave-spanning 
spectrum cannot be achieved by non-linear spectral broadening which 
made the proposed method attractive. The results are reported in (Section 
3.3), which is a reprint of an article published in IEEE Photonics Journal28. 

Finally, the last comb spectrum characterized with the developed 
method is based on the completely different technology of QCL frequency 
combs emitting in the mid-infrared. The used laser emits slightly 
modulated light (no pulse) at ~8 μm with a mode spacing of 7.4 GHz. In 
contrast to frequency combs based on passively mode-locked ultrafast 
lasers, their operation relies on four-wave mixing in the semiconductor gain 
medium, and so far, no direct self-referencing has been achieved. Therefore, 
the developed method was very useful to perform the first noise analysis of 
the offset frequency in a QCL comb, which is reported in Section 3.4. 
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3.1 Characterizing the carrier-envelope offset in 
an optical frequency comb without traditional 
f-to-2f interferometry 

Pierre Brochard1, Stéphane Schilt1, Valentin J. Wittwer1  

and Thomas Südmeyer1 

1Laboratoire Temps-Fréquence, Institut de Physique, Université de 
Neuchâtel, CH-2000 Neuchâtel, Switzerland. 

We present a new method to measure the frequency noise and 
modulation response of the carrier-envelope offset (CEO) beat of an 
optical frequency comb that does not make use of the traditional f-to-2f 
interferometry. Instead, we use an appropriate combination of different 
signals to extract the contribution of the CEO frequency without directly 
detecting it. We present a proof-of-principle validation realized with a 
commercial Er:fiber frequency comb and show an excellent agreement 
with the results obtained using a standard f-to-2f interferometer. This 
approach is attractive for the characterization of novel frequency comb 
technologies for which self-referencing is challenging, such as 
semiconductor mode-locked lasers, micro-resonator based systems, or 
GHz repetition rate lasers 

Optical frequency combs from mode-locked lasers have 
revolutionized the field of optical metrology in the last decade. They 
provide a direct and coherent link between the microwave and optical 
frequency domains, enabling the measurement of optical frequencies with 
extreme precision. A frequency comb constitutes a frequency ruler in the 
optical spectral domain [1], which is characterized by two radio-frequencies 
(RFs), the repetition rate frep and the carrier-envelope offset (CEO) 
frequency fCEO. The repetition rate corresponds to the spacing between the 
comb modes and fCEO represents the global frequency shift of the comb 
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spectrum from the origin, such that the frequency 𝜈𝜈N of each comb mode 
depends on only three parameters (where N is the mode number): 

𝜈𝜈𝑁𝑁 = 𝑁𝑁 ∙ 𝑓𝑓rep + 𝑓𝑓CEO (19) 

Many applications require a fully stabilized comb, where both frep and 
fCEO are phase-locked. Whereas the stabilization of frep is fairly direct by 
controlling the cavity length using a piezo-electric transducer, the detection 
and stabilization of fCEO are more challenging. The standard self-referencing 
method [2] requires an octave-spanning spectrum that is usually obtained 
by spectral broadening into a nonlinear medium such as a highly nonlinear 
fiber, a photonic crystal fiber or an integrated waveguides. Other methods 
that are less demanding in terms of spectral width of the comb spectrum 
were based on optical frequency dividers in the early days of frequency 
combs [3] or make use of higher order nonlinear processes, such as 2f-to-3f 
[4-5]. The ability to achieve a tight phase-lock of the CEO beat strongly 
depends on the frequency noise of the free-running CEO beat and in the 
capability to control fCEO using a suitable actuator and with a sufficient 
bandwidth. The standard method involves modulating the pump power of 
the femtosecond laser, which is realized by a direct modulation of the 
injection current in diode-pumped solid-state lasers (DPSSLs) and fiber 
lasers.   

Today there is a strong demand for novel compact and cost-effective 
frequency comb systems. One highly promising technology relies on 
semiconductor lasers such as vertical external cavity surface emitting lasers 
(VECSELs) or mode-locked integrated external cavity surface emitting 
lasers (MIXSELs) [6]. Such lasers are promising for future low-cost high-
volume production, but no CEO stabilization has ever been demonstrated 
so far based on this technology, as a consequence of their insufficient peak 
power. Very recently, the only CEO beat ever detected from a 
semiconductor mode-locked laser has been reported [7], which required 
external pulse amplification and compression. So far, no stabilization 
attempt or noise analysis has been presented, which is most likely due to 
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the insufficient signal-to-noise ratio achieved for the CEO beat. Before such 
a mode-locked laser can be fully phase stabilized, it would be valuable to 
get first insights on its CEO noise level. In addition, knowing the response 
of fCEO to a modulation of the pump current is a key requirement for the 
future phase stabilization of fCEO. This is the case for many other novel laser 
systems.  

In this Letter, we suggest and validate a new method to characterize 
the CEO beat, which does not involve self-referencing, but instead assesses 
its properties indirectly from an appropriate combination of different 
signals. Another technique that does not involve nonlinear interferometry 
to measure fCEO was suggested by Osvay et al. based on spectrally and 
spatially resolved multiple-path interferometry [8]. This method was able 
to determine fCEO, but with a precision of a few MHz only, and did not 
provide any information on the CEO noise spectrum. In contrast, the 
approach reported here is applicable to the characterization of the CEO beat 
in terms of frequency noise and modulation response. It is particularly 
attractive for laser systems for which the self-referencing method is not yet 
achievable. We should stress out that this approach does not target fCEO 
stabilization and does thus not intend to replace the powerful self-
referencing concept for CEO phase stabilization.  

As a proof-of-principle demonstration, we implemented the proposed 
method with a commercial Er:fiber frequency comb and compared the 
results with the use of traditional f-to-2f interferometry to validate this new 
approach. The work reported in this Letter constitutes a first step for the 
future implementation of this method for the characterization of novel 
frequency comb technologies for which the detection of a CEO beat by 
traditional f-to-2f interferometry is challenging, such as GHz repetition rate 
systems, semiconductor lasers, or micro-resonator based systems [9]. 

The experimental method that we propose here does not require a 
direct detection of the CEO beat, but indirectly assesses its properties from 
an appropriate combination of signals that is schematized in Fig. 3.1(a). 
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These signals are mixed in such a way that the contribution of frep cancels 
out, giving access to fCEO only. The method emulates the use of a frequency 
comb as a transfer oscillator [10] to compare two distant optical frequencies 
without contribution of the comb noise. Here the concept is modified to 
combine a high harmonic N1 of frep with the signal obtained from the 
heterodyne beat fbeat between a comb line N and a narrow-linewidth 
continuous-wave (CW) laser. Very limited information about the properties 
of fCEO could be directly obtained from this beat signal, as it simultaneously 
contains contributions of fCEO and N· frep. Even if frep is locked to an RF 
reference, its contribution to the noise of the beat signal is generally not 
negligible compared to the noise of fCEO, at least out of its locking 
bandwidth. The different approach reported here enables suppressing the 
contribution of frep and thus assessing the properties of fCEO over a much 
wider range, both in terms of frequency noise and modulation response. 
This is a key benefit of the reported approach.  

The basic principle of the method is schematized in Fig. 3.1(a) and 
consists of the combination of two signals. The frequency 𝜈𝜈laser of the CW 
laser and the comb repetition rate are adjusted such that the index N of the 
comb line that beats with the laser can be factorized as N = N1·N2. On one 
side, the heterodyne beat frequency fbeat = (𝜈𝜈N – 𝜈𝜈laser) is detected using a fast 
photodiode and is frequency-divided by the large integer number N2 to 
produce a signal at a much lower frequency fB (lower branch in Fig. 3.1). On 
the other side, a high harmonic signal fA = N1· frep is detected (upper branch 
of the scheme). The two signals fA and fB are mixed in order to generate the 
difference frequency fout = fB – fA = (fCEO – 𝜈𝜈laser)/ N2, in which the 
contribution of frep cancels out for a proper choice of the sign of the 
heterodyne beat signal. Therefore, only the noise of fCEO / N2 remains, 
provided that the noise of the CW laser is sufficiently low to have a 
negligible contribution. Besides the difference frequency component 
(fB – fA), the mixer output  also contains the sum frequency component 
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(fB + fA) and a great care is needed to select the proper signal for the 
characterization of fCEO (this will be discussed in the last part of this Letter). 

 
 

 

 

Fig. 3.1: (a) Basic principle of the proposed scheme to characterize the CEO beat without 
directly detecting it. A high harmonic N1 of frep (upper branch, signal fA) is mixed with the 
heterodyne beat with a CW laser, frequency-divided by N2 (lower branch, signal fB), to 
produce a signal fout that is exempt of the contribution of frep. PD: fast photodiode; DBM: 
double-balanced mixer. (b) Detailed experimental scheme realized for the proof-of-principle 
implementation of the method with a commercial Er:fiber frequency comb with 
frep ≈ 250 MHz using a narrow-linewidth CW laser at 1557.4 nm. SSA: signal source 
analyzer. All RF components but the narrow-bandpass filters at ~15 GHz are standard off-
the-shelf components. 

Figure 3.1(b) displays the detailed experimental setup implemented to 
validate this method using a commercial Er:fiber frequency comb (FC1500 
from MenloSystems, Germany). Its repetition rate was tuned to 
frep ≈ 250.45 MHz in this experiment and the CEO beat was detected using 
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a standard common-path f-to-2f interferometer for comparison. In the 
experimental setup, we used a high harmonic N1 = 60 of frep at fA ≈ 15 GHz, 
which was detected using a fast photodiode (model 1434 from Newport, 
with 25 GHz bandwidth), filtered with a narrow-band filter (model TIC 
15GB10-01 from Techniwave with ~70 MHz bandwidth) and amplified to a 
level of ~0 dBm. As a reference CW laser, we used a planar-waveguide 
external cavity laser at 1557.4 nm (model ORION from Redfern Integrated 
Optics Inc.) with a free-running linewidth of a few kilohertz only (over a 
timescale of 1-10 ms). The laser had a negligible contribution to the 
measured noise as will be shown in Fig. 3.2. Alternatively, the laser can be 
stabilized to a high-finesse ultra-stable optical cavity to improve its 
frequency stability and further reduce its optical linewidth, but this was not 
necessary here.  

 

Fig. 3.2: Frequency noise spectrum of the free-running CEO beat of an Er:fiber comb 
measured with the proposed method (thick light blue line) and comparison with the CEO 
noise directly measured from an f-to-2f interferometer (thin dark red line). The dotted grey 
line represents the noise floor of the measurement introduced by a frequency synthesizer, 
and the dash-dotted line displays the typical frequency noise PSD previously measured for 
the free-running CW laser used in this experiment [12]. The residual contribution of frep in 
the measured signal resulting from its imperfect cancellation is also displayed (green 
dashed line). 

The beat signal fbeat was detected at a high frequency of ~15 GHz using 
a fast photodiode (model DSC40S from Discovery Semiconductors Inc., 
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with 14 GHz bandwidth).After proper filtering with a narrow-band filter 
(model TWRWC14.95GFC01 from Techniwave with ~70 MHz bandwidth) 
and subsequent several stages of amplification to a level of around  12 dBm, 
this signal was frequency-divided by the large number N2 = 12,800, leading 
to a signal at fB ≈ 1.2 MHz. This division was performed in three subsequent 
steps using off-the-shelf frequency pre-scalers (÷8, 4 and 400, respectively), 
with proper filtering in between. As the signals in the two branches of the 
setup had a very different frequency (fA ≈ 15 GHz vs fB ≈ 1.2 MHz), their 
direct combination in a frequency mixer was not possible due to the 
impracticality to isolate and analyze the adequate signal among the two 
close components at the mixer output (15 GHz ± 1.2 MHz). In the present 
implementation of the method, we proceeded differently by first frequency 
downconverting the high harmonic N1· frep with the signal of a low-noise 
synthesizer (Rohde & Schwarz SMF100A) tuned to the frequency 
fsynth = N1· frep + 9 MHz. The resulting downconverted signal at 9 MHz was 
then combined with the frequency-divided signal fB = fbeat / N2 in a double 
balanced mixer to produce two signals at (fsynth   fA ± fB). The contribution of 
frep cancelled out in the properly selected signal. After bandpass filtering, 
the resulting RF signal at ~10  MHz contained only the contributions of fCEO 
and of the CW laser, both divided by the large integer number N2. This 
signal was analyzed using a signal source analyzer (SSA, Keysight E5052B) 
for phase noise measurements, or processed by a phase-locked loop (PLL) 
frequency discriminator [11] and a lock-in amplifier to measure the transfer 
function of fCEO when the current of the pump diode of the mode-locked 
laser was modulated by a small amplitude sine waveform.  

The frequency noise power spectral density (PSD) of the CEO beat 
assessed using our experimental setup is displayed in Fig. 3.2, where it is 
compared to the CEO noise spectrum directly obtained from the output of 
the f-to-2f interferometer. An excellent agreement is observed between the 
two measurements up to an offset frequency of ~10 kHz, which 
demonstrates the suitability of the proposed method. At higher frequency, 
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the measurement is limited by the noise of the 15 GHz synthesizer used for 
frequency downconverting the high harmonic N1· frep, which is also 
displayed in Fig. 3.2 (measured with Keysight E5052B and E5053A). In this 
proof-of-principle demonstration, the available CW laser at 1557.4 nm did 
not lead to an exact cancellation of frep in the output signal fout. The targeted 
comb mode number N = N1· N2 = 768,000 would have required a repetition 
rate of 250.65 MHz, which was not achievable with our frequency comb. 
Alternatively, the nominal comb repetition rate of 250 MHz would have 
requested a CW laser wavelength of 1561.4 nm to achieve a perfect 
cancellation of the repetition rate. With our experimental conditions of frep 
= 250.45 MHz and 𝜈𝜈laser = 192.5 THz, the output signal fout still contained a 
contribution of ~0.055· frep, corresponding to a residual contribution of 
~700· frep when scaled up by the factor N2 = 12,800. However, this residual 
contribution is completely negligible as shown by the independently 
measured noise of frep also displayed in Fig. 3.2. The comb repetition rate 
was locked in these noise measurements to minimize the residual 
contribution resulting from its imperfect cancellation. However, it turns out 
that this residual contribution would be negligible even for a free-running 
frep. This demonstrates that the proposed method is not too challenging to 
be implemented, as it is not necessary to exactly fulfill the condition 
N = N1· N2. 

In addition to the characterization of the CEO noise, our experimental 
setup was also applied to measure the frequency modulation response of 
fCEO to a small modulation of the frequency comb pump current. The 
knowledge of this transfer function is an important step to assess the 
possibility to achieve a tight CEO lock in a stabilization loop using the 
common method of pump current modulation. In this experiment, we 
applied a sine modulation to the input voltage of the pump driver and the 
output signal fout was demodulated using a PLL frequency discriminator 
[11]. A lock-in amplifier was used to measure the amplitude and phase of 
the change of fCEO induced by the modulation. The pump current 
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modulation was kept small, typically <1 mA for an average current in the 
order of 800 mA. The result of this measurement is shown in Fig. 3.3, where 
it is compared to the result directly obtained from the CEO beat detected in 
the f-to-2f interferometer using the same measurement principle. Here, also, 
an excellent agreement is obtained, both in terms of amplitude and phase. 

 

Fig. 3.3: Transfer function (amplitude (a) and phase (b)) of fCEO measured with the proposed 
method (thick light blue line) for a modulation applied to the input voltage of the pump 
driver and comparison with the curve directly measured from the CEO beat (thin dark red 
line). The signal corresponding to the other frequency component at the output of the 
mixing process is also shown (uncompensated signal, dotted black line). This signal 
contains 120·δ frep and is compared to the transfer function measured directly for 60· frep from 
the high harmonic of the repetition rate at ~15 GHz (green dashed line). 

To cross-check the operation of our novel method, we also measured 
the transfer function for the other frequency component in the output 
signal. In practice, this was realized by simply shifting the synthesizer 
frequency fsynth without changing any filter in the setup in order to exchange 
the sign of the output signal (fA + fB instead of fA - fB), but it could also be 
achieved by tuning the CW laser. As modulating the pump current does not 
only affect fCEO, but also frep [13], the contribution of the repetition rate 
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modulation δ frep in this uncompensated signal is doubled (i.e., it contains 
120· δ frep) instead of being cancelled. The result is also displayed in Fig. 3.3, 
where the transfer function of 60· frep (measured from the 60th harmonic of 
frep at ~15 GHz in the upper branch of the setup of Fig. 3.1) is shown as well 
for comparison.  

   

Fig. 3.4: Comparison of the signals measured for the two signs of the heterodyne beat 
between the CW laser and the comb line, corresponding to the cases where the contribution 
of frep is either suppressed (compensated) or doubled (uncompensated). The noise of the 
raw signals is displayed here (i.e., not re-scaled by the factor N2). 

 

We performed a similar cross-check for the CEO noise measurement 
using the other frequency component in the output signal (Fig. 3.4). The 
noise measured at low frequency was unchanged as the repetition rate 
stabilization led to a much weaker contribution to the beat signal than the 
free-running CEO. At frequencies higher than ~30 Hz, a significant 
difference was observed between the two curves, which confirmed that the 
contribution of frep in the measured signal was efficiently suppressed. If the 
measurements of the uncompensated signal shown in Fig. 3.3 for the 
transfer function and in Fig. 3.4 for the noise spectrum do not bring any 
additional information about the properties of fCEO, they constitute 
important inputs to ensure the correctness of the results. It is not relevant 
for the measurements reported here that aimed at comparing the results of 
the novel method with the standard self-referencing technique. However, a 



Chapter 3  Characterization of optical frequency combs 

 62  

practical verification performed by measuring both signals at the mixer 
output becomes important when no CEO beat is available. This will be the 
case in future implementations of the method with novel comb 
technologies. 

In conclusion, we demonstrated a new method to characterize both 
the frequency noise and the transfer function of the CEO beat in a frequency 
comb without directly detecting fCEO, e.g., using a standard f-to-2f 
interferometer. The method was validated with an Er:fiber comb at 1560 nm 
and an excellent agreement was obtained with the CEO properties directly 
measured from the CEO beat at the output of an f-to-2f interferometer. The 
results of this Letter pave the way to using this approach for the 
characterization of mode-locked lasers for which the generation of a CEO 
beat by f-to-2f interferometry is challenging, such a GHz mode-locked 
DPSSLs, micro-resonator-based systems [9], or for novel semiconductor 
mode-locked lasers which is our next target.  

In the current implementation of the repetition rate compensation 
scheme reported here, a limitation to the measurable CEO noise arose from 
a frequency synthesizer used for frequency downconversion of the high 
harmonic of frep before its subtraction from the frequency-divided beat 
signal. We expect this limitation to be removed and the setup to be 
improved with the use of a single sideband (SSB) mixer that would enable 
us to directly mix the signals from the two branches of our setup 
(fA ≈ 15 GHz and fB ≈ 1.2 MHz, respectively) and analyze the resulting signal 
without using the 15 GHz synthesizer. With this update, we expect to lower 
the noise floor of the system, resulting in the possibility to measure the 
frequency noise PSD of the CEO beat in a wider frequency range. 
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3.2 First investigation of the noise and 
modulation properties of the carrier-envelope 
offset in a mode-locked semiconductor laser 
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We present the first characterization of the noise properties and 
modulation response of the carrier-envelope offset (CEO) frequency in a 
semiconductor mode-locked laser. The CEO beat of an optically-pumped 
vertical external-cavity surface-emitting laser (VECSEL) at 1030 nm was 
characterized without standard f-to-2f interferometry. Instead, we used an 
appropriate combination of signals obtained from the mode-locked 
oscillator and an auxiliary continuous-wave laser to extract information 
about the CEO signal. The estimated linewidth of the free-running CEO 
beat is approximately 1.5 MHz at 1-s observation time, and the feedback 
bandwidth to enable a tight CEO phase lock to be achieved in a future 
stabilization loop is in the order of 300 kHz. We also characterized the 
amplitude and phase of the pump current to CEO-frequency transfer 
function, which showed a 3-dB bandwidth of ∼300 kHz for the CEO 
frequency modulation. This fulfills the estimated required bandwidth 
and indicates that the first self-referenced phase-stabilization of a mode-
locked semiconductor laser should be feasible in the near future. 
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Optical frequency combs from mode-locked solid-state lasers have been a 
revolution in the field of high precision metrology by directly and 
coherently linking the optical and microwave parts of the electromagnetic 
spectrum [1–3]. Such stabilized frequency combs enable the measurement 
of optical frequencies with an extreme precision [4,5] and constitute a key 
element of novel optical atomic clocks that have surpassed the best 
microwave frequency standards in terms of fractional frequency 
stability [6,7]. 

Most comb applications today require self-referencing, i.e., the 
detection and stabilization of the carrier envelope offset (CEO) frequency 
fCEO [1,8]. This has been achieved in various fiber laser systems [9] and 
solid-state lasers (Ti:Sapphire [2] or diode-pumped solid-state lasers – 
DPSSLs [10,11]). Electronic feedback modulating the pump power of the 
femtosecond laser is the most common approach to phase-stabilize fCEO to 
an external reference frequency [3]. Alternative methods have been 
demonstrated, which make use of an intra-cavity loss modulator enabling 
the modulation bandwidth to be extended beyond the gain lifetime 
limitation, such as a graphene electro-optic modulator [12] or an opto-
optical modulation of a semiconductor saturable absorber mirror 
(SESAM) [13]. Other solutions are based on feedforward corrections 
applied to the CEO frequency [14] or passive CEO cancellation using a 
difference frequency generation (DFG) process [15].  

Self-referencing mode-locked lasers with a higher repetition rate in the 
GHz range is much more challenging, as the CEO noise typically scales with 
the repetition rate [16], therefore requiring larger feedback bandwidths. In 
addition, the standard self-referencing method most often involves f-to-2f 
interferometry to detect the CEO frequency [1]. This requires a coherent 
supercontinuum (SC) spectrum that covers at least one frequency octave, 
which is fairly challenging to achieve for some novel comb technologies that 
are presently being developed. The use of higher order nonlinear processes, 
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such as 2f-to-3f [1], slightly reduces the requirements in terms of spectral 
width of the SC spectrum, but at the expense of a higher complexity. 

Among the emerging comb technologies, mode-locked semiconductor 
lasers are promising for future low-cost high-volume production owing to 
the benefits of semiconductor manufacturing. Vertical external-cavity 
surface-emitting lasers (VECSELs) or mode-locked integrated external-
cavity surface-emitting lasers (MIXSELs) [17] can lead to compact and cost-
effective frequency comb systems in the future. However, no such mode-
locked laser has ever been CEO-frequency-stabilized yet. The main reason 
is the insufficient peak power and too long pulse duration that have 
prevented so far the generation of a suitable SC spectrum for CEO detection.  

A CEO beat signal from a semiconductor mode-locked laser has been 
detected for the first time by Zaugg et al. after external pulse amplification 
and compression [18], but no further investigation has been reported since 
then. The 1038-nm VECSEL was first amplified to 5.5 W average power 
using a fiber amplifier, then the pulses were compressed to 85 fs to generate 
the necessary octave-spanning SC spectrum in a photonic crystal fiber 
(PCF). However, the detected CEO signal was not suitable for noise analysis 
or stabilization as the signal-to-noise ratio (SNR) of ~15 dB (in a 100-kHz 
resolution bandwidth) was insufficient. Extra noise may have been induced 
in the amplification. 

In this Letter, we present the first detailed characterization of the CEO 
frequency in a mode-locked VECSEL, showing promising results for future 
self-referencing stabilization. For this purpose, we implemented a 
characterization method of the CEO beat that does not require f-to-2f 
interferometry and therefore circumvents the need for a coherent octave-
spanning comb spectrum that has not yet been achieved directly from the 
output of this laser. The information about the CEO noise and modulation 
response was obtained directly from the output of the oscillator, without 
any further spectral broadening, pulse compression or amplification. We 
recently showed a proof-of-principle demonstration of this method 
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implemented with an Er:fiber frequency comb for which the CEO beat was 
separately detected using an f-to-2f interferometer for cross validation [19]. 
The method proved to be suitable to infer both the frequency noise 
spectrum of the free-running CEO beat and the transfer function of fCEO for 
a modulation of the laser pump current. Here we report on the 
implementation of this method for the characterization of the CEO 
frequency of a mode-locked VECSEL.  

The investigated ultrafast laser oscillator was a prototype developed 
at ETH Zurich. The laser cavity had a semiconductor gain chip as folding 
mirror, and a SESAM and an output coupler (1% transmission) as end 
mirrors. It generated sub-300-fs pulses at around 1030 nm [20]. The VECSEL 
was pumped with up to 17 W of optical power from a commercially-
available fiber-coupled 808-nm multimode pump diode. The average 
output power was 90 mW with a spectral width of ~4 nm. The pump diode 
was driven in-parallel by a low-cost constant current source and a home-
built voltage-current transducer providing a fast modulation channel for 
the pump power. A dedicated low-pass filter was implemented between 
the two current sources to avoid undesirable cross-talks. A 3-dB modulation 
bandwidth of the pump power of around 1 MHz was therewith achievable 
with this home-made transducer. Fast modulation capabilities of the pump 
power are important for future comb self-referencing with direct control of 
the CEO frequency via pump current modulation. The VECSEL repetition 
rate frep ≈ 1.77 GHz was phase-stabilized to a radio-frequency (RF) signal 
referenced to an H-maser for stable long-term operation at the required 
level of accuracy. This stabilization was implemented by a phase-locked 
loop operating at 5·frep (~8.85 GHz), with a feedback signal applied to a 
piezoelectric transducer (PZT) controlling the position of the output coupler 
within the VECSEL cavity. 
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Figure 3.5: (a) Basic principle of the proposed scheme to characterize the CEO beat without 
directly detecting it [19]. A high harmonic N1 of the repetition rate (upper branch, signal fA) 
is mixed with the heterodyne beat with a cw laser, frequency-divided by N2 (lower branch, 
signal fB), to produce a signal fout that is exempt from the contribution of frep. PD: fast 
photodiode; DBM: double-balanced mixer. (b) Detailed experimental scheme realized for 
the implementation of the method with a mode-locked VECSEL with frep ≈ 1.77 GHz using 
an auxiliary DFB laser at 1030 nm. PNA: phase noise analyzer. All radio-frequency 
components except the narrow band-pass filters at ~15 GHz are standard off-the-shelf 
components. The frequency discriminator and lock-in amplifier are used for the transfer 
function. 

 

The principle of the method applied to characterize the CEO beat 
without directly detecting it was recently presented in Ref. [19]. It requires 
an auxiliary continuous wave (cw) laser. Whereas a planar waveguide 
external-cavity laser with a very low frequency noise was used in our proof-
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of-principle experiment at 1.55 μm, this type of laser is not available at the 
1030-nm emission wavelength of our VECSEL. Therefore, a distributed 
feedback (DFB) laser (Eagleyard) with a specified linewidth <2 MHz was 
used in the work reported here. Its frequency noise power spectral density 
(PSD) has first been measured to assess its suitability for this application. 
This was realized by heterodyning the laser with the SC spectrum generated 
in a highly nonlinear fiber from a fully-stabilized Er:fiber frequency comb 
(Menlo FC 1500-250). The SC spectrum was spectrally filtered using a 
fibered tunable bandpass filter with a bandwidth of ∼1 nm and amplified 
in a semiconductor optical amplifier (Innolume) before being combined 
with the auxiliary cw laser in a 90/10 fiber coupler. The resulting beat signal 
was bandpass filtered and its frequency noise was measured using a 
frequency discriminator [21] and a fast Fourier transform spectrum 
analyzer. The noise of the auxiliary DFB laser was the dominating 
contribution in this measurement, leading to the frequency noise spectrum 
displayed in Figure 3.6. 

 

Figure 3.6: Frequency noise PSD of the free-running CEO beat of the VECSEL assessed with 
the proposed method (thick light blue line). The thin light purple line represents the 
frequency noise PSD of the free-running cw laser used in this experiment. The CEO noise at 
frequencies higher than ~10 kHz is limited by the noise of a synthesizer used in the 
experiment (dashed grey line). Therefore an estimation of the feedback bandwidth required 
for a future phase stabilization of fCEO was assessed by extrapolating the 1/f noise (dashed 
blue line) up to its crossing point with the β-separation line [22]. 
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The experimental setup for the characterization of fCEO was 
implemented in a similar way as in our previous proof-of-principle 
demonstration. However, different RF components (filters, frequency 
dividers, amplifiers) were used to account for the different repetition rate 
and mode number N involved here. Basically, two RF signals were detected, 
corresponding to a harmonic N1 = 9 of the repetition rate (at 15.92 GHz) and 
to the beat signal fbeat between one mode of the VECSEL (with a nominal 
mode number N = N1·N2) and the auxiliary laser, which was detected at a 
frequency of 14.96 GHz. In order to remove the contribution of the VECSEL 
repetition rate, these signals were processed and combined according to the 
general principle reported in Ref. [19] and to the detailed scheme displayed 
in Figure 3.5. Finally, only a frequency-divided contribution of the CEO 
frequency fluctuations δfCEO (division by a factor N2 = 18,288 here) occurred 
in the noise of the output signal δfout = δfCEO/N2. This signal also contained 
the frequency noise of the cw laser (divided by the same factor N2), but it 
had a negligible impact as it was significantly lower than the noise of the 
free-running CEO beat (as shown in Figure 3.6). Therefore, the CEO noise 
was retrieved by up-scaling by a factor 𝑁𝑁22 the phase noise of the output 
signal measured with a phase noise analyzer (FSWP from Rohde & 
Schwarz). The assessed CEO frequency noise displayed in Figure 3.6 is not 
affected by the noise of the auxiliary laser (apart from some isolated peaks) 
and was thus correctly retrieved. In order to verify the correctness of the 
CEO noise measurement and to check if the considered combination of 
signals resulted in the expected compensation of the repetition rate noise, 
we also measured the sum-frequency component signal at the mixer output 
as discussed in Ref. [19]. This signal contains two times the noise of the 
repetition rate and thus shows the same noise features as the repetition rate 
as displayed in Figure 3.7, which enabled identifying the correct difference-
frequency signal.  
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Figure 3.7: Frequency noise PSD corresponding to the up-scaled noise obtained for the two 
signals at the mixer output (thick light blue line: compensated signal corresponding to the 
frequency-difference component; thin red line: uncompensated signal corresponding to the 
sum-frequency component) and comparison with the 9th harmonic signal of the repetition 
rate (thin dashed green line). 

At frequencies higher than ~10 kHz, the measured CEO noise was 
limited by the noise floor of the experimental setup, which resulted from an 
RF synthesizer used to frequency down-convert the signal of the harmonics 
of frep, as previously discussed [19]. Therefore, we extrapolated the 1/f noise 
of the CEO signal to higher frequencies (blue dashed line in Figure 3.6) to 
estimate the feedback bandwidth that would be required to achieve a tight 
CEO lock in a future self-referencing setup. From the crossing point of the 
extrapolated noise spectrum with the β-separation line [22], we assessed a 
full width at half maximum of the CEO beat of ~1.5 MHz (1-s observation 
time) and a corresponding required feedback bandwidth of ~300 kHz.  
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Figure 3.8: Normalized amplitude (top) and phase (bottom) of the measured transfer 
functions of the VECSEL CEO frequency (thick blue line) and output power (thin red line) 
obtained for a direct modulation of the pump current. The phase of fCEO has been offset by 
180° to facilitate the comparison with the phase of the output power transfer function. 

 

To assess if such bandwidth would be achievable using a direct 
modulation of the pump power via the pump current, we measured the 
modulation response of fCEO. We used the same general setup as before, but 
demodulated the output signal using a frequency discriminator [21] and a 
lock-in amplifier referenced to the pump diode modulation applied using 
our fast modulation electronics. Figure 3.8 shows the measured amplitude 
and phase of the pump current to fCEO transfer function. For comparison, 
we also measured the transfer function of the VECSEL output power for the 
same pump current modulation, as it generally has a similar behavior [23], 
which is indeed the case here. The amplitude of the transfer functions is 
constant up to at least 100 kHz, resulting in a 3-dB bandwidth of ~300 kHz 
for fCEO modulation. At this frequency, the corresponding phase shift is 
approximately -90°. The CEO modulation capability of this VECSEL is 
significantly faster than usually encountered in DPSSLs or fiber lasers, 
resulting from the much shorter upper state lifetime in the semiconductor 
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gain. The VECSEL CEO transfer function reported here is not limited by the 
carrier lifetime, which is much shorter, but by the cavity dynamics [23]. The 
fast modulation capability of the VECSEL is promising for a future self-
referencing stabilization loop.  

 

Figure 3.9: CEO frequency drift (thick light red trace) measured by heterodyning the 
VECSEL emission with the DFB auxiliary laser frequency-locked to an Er:fiber comb fully-
stabilized to an H-maser and comparison with the VECSEL output power (thin dark blue 
line). The inset in the right-bottom corner displays a zoom of the traces over 70 seconds and 
the top-left inset shows the high correlation between the drift of fCEO and the relative 
variations of the VECSEL output power with a slope of ~3 MHz/%. 

 

Finally, we also measured the frequency drift of fCEO by recording the 
beat signal between an optical frequency reference νlaser and one optical 
mode of the VECSEL (with frep stabilized to an RF synthesizer that was 
referenced to an H-maser). The optical reference was made of the cw DFB 
laser stabilized to a line of the SC spectrum of a commercial fully-stabilized 
Er:fiber frequency comb referenced to the H-maser. In this scheme, the slow 
frequency fluctuations of the beat signal only reflect the variations of the 
VECSEL CEO frequency, as all other frequencies (frep, νlaser) were stabilized. 
A slow drift of ~8 MHz was observed in 15 min. Furthermore, we measured 
at the same time the relative variations of the VECSEL output power. A 
strong correlation was observed between the variations of fCEO and the 
VECSEL output power as shown in Figure 3.9. The intensity noise of the 
pump diode was likely responsible for this effect. Therefore, a feedback 
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loop acting on the pump diode current is expected to be highly efficient for 
fCEO noise reduction with a large bandwidth, enabling a tight CEO lock to 
be reached in future self-referencing experiments.  

In conclusion, we reported the first thorough analysis of the noise and 
modulation properties of the CEO beat in a mode-locked VECSEL. This was 
realized using a novel approach that we recently proposed to characterize 
the CEO beat without directly detecting it using standard f-to-2f 
interferometry. Our results show that a modulation of fCEO can be achieved 
by direct pump current modulation with a 3-dB bandwidth of around 
300 kHz, which is comparable to the feedback bandwidth needed to achieve 
a tight CEO lock in a future self-referencing scheme estimated from our 
noise measurements. These results pave the way for the first self-
referencing of a mode-locked semiconductor laser that is our next target. 
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3.3 Frequency noise characterization of a 
25-GHz diode-pumped mode-locked laser with 
indirect carrier-envelope offset noise assessment 
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We present a detailed frequency noise characterization of an ultrafast 
diode-pumped solid-state laser operating at 25-GHz repetition rate. The 
laser is based on the gain material Er:Yb:glass and operates at a 
wavelength of 1.55 µm. Using a beating measurement with an ultra-low-
noise continuous-wave laser in combination with a dedicated electrical 
scheme, we measured the frequency noise properties of an optical mode 
of the 25-GHz laser, of its repetition rate and indirectly of its carrier-
envelope offset (CEO) signal without detecting the CEO frequency by the 
standard approach of nonlinear interferometry. We observed a strong 
anti-correlation between the frequency noise of the indirect CEO signal 
and of the repetition rate in our laser, leading to optical modes with a 
linewidth below 300 kHz in the free-running laser (at 100-ms integration 
time), much narrower than the individual contributions of the carrier 
envelope offset and repetition rate. We explain this behavior by the 
presence of a fixed point located close to the optical carrier in the laser 
spectrum for the dominant noise source. 
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3.3.1 Introduction 

Mode-locked lasers with a high repetition rate are attractive for 
applications in optical telecommunications, such as ultra-high speed 
transmission systems up to 30 Tbits/s [1], optical clocking or multi-
wavelength sources [2]. With a mode spacing of 12.5 GHz, 25 GHz, 50 GHz 
or 100 GHz in the C or L spectral band, a mode-locked laser can act as a 
single light source simultaneously covering a large number of channels in 
dense wavelength division multiplexing (DWDM) optical 
telecommunications. This can advantageously replace a large number of 
continuous-wave singlemode distributed feedback (DFB) lasers with their 
associated own drive electronics and temperature control, which each acts 
as an optical source for a single wavelength channel only. In addition, the 
high frequency spacing between the modes of an optical frequency comb 
with a high repetition rate can be beneficial to other applications such as 
ultra-low-noise microwave generation [3], [4] or astronomical 
spectrographs calibration [5], [6]. However, a frequency comb requires the 
second degree of freedom of the mode-locked laser spectrum, i.e., the 
carrier-envelope offset (CEO) frequency fCEO, to be stabilized or at least 
detected, which constitutes the fundamental difference between any mode-
locked laser and a frequency comb [7].   

Diode-pumped solid-state lasers (DPSSLs) constitute a proven 
technology for high repetition rate mode-locked lasers, with repetition rates 
up to 100 GHz achieved in fundamentally mode-locked operation [8]. They 
are also particularly suitable for optical frequency combs with a large mode 
spacing. The standard approach to detect the CEO beat based on 
supercontinuum spectrum generation in a non-linear fiber and f-to-2f 
interferometry [9] is particularly challenging with high repetition rate lasers 
due to their low peak power and usually long pulse duration. For this 
reason, the highest repetition rates for a frequency comb produced from a 
mode-locked laser are 10 GHz demonstrated for a self-referenced 
Ti:Sapphire mode-locked laser [10] and 15 GHz reported more recently for 
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an Yb:Y2O3 ceramic DPSSL locked to an ultra-stable laser [11]. However, 
this comb was not self-referenced and suffered from the frequency drift of 
the reference laser.  

Even if not CEO-stabilized, a high repetition rate mode-locked laser 
can act as a regular grid of equispaced optical frequencies when its 
repetition rate is phase-locked to a stable radio-frequency reference source, 
which can be straightforwardly realized by controlling the cavity length 
using a piezo-electric transducer (PZT). Such stabilized laser could serve as 
a multi-wavelength light source for dense wavelength division 
multiplexing (DWDM) optical networks using multi-level quadrature-
amplitude modulation (mQAM) with digital coherent receivers to address 
the needs for increased network capacity [12]. A critical constraint for such 
coherent detection systems is the phase noise of the laser source and the 
corresponding linewidth of the laser modes, which typically needs to be 
significantly smaller than 100 kHz in coherent transmission systems [13]. A 
naïve expectation from the stabilization of the repetition rate is that the 
frequency stability of the individual laser modes would be improved at the 
same time (i.e., their low-frequency noise would be reduced). Here, we 
present a study of the noise properties of a mode-locked DPSSL with 
25 GHz repetition rate, notably obtained by beating the laser with a narrow-
linewidth continuous-wave reference laser. We locked the repetition rate of 
the mode-locked laser to a stable radio-frequency reference source and 
show that it leads to a degradation of the phase noise of the analyzed optical 
line and to a corresponding increase of its linewidth. To understand this 
behavior, we separately characterized the phase noise of the optical line and 
of the repetition rate frequency of the laser, which is the controlled 
parameter in the considered stabilization scheme of our laser. As the optical 
spectrum of a mode-locked laser is fully determined by only two 
parameters, the mode spacing frep and the global frequency offset fCEO, we 
furthermore implemented a dedicated scheme to characterize the noise 
properties of the second degree of freedom fCEO, to have a complete picture. 
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Hence, the two characteristic frequencies defining the optical modes of the 
DPSSL spectrum have been separately analyzed. The measurement of the 
phase noise of the CEO frequency involves an electrical scheme that 
circumvents the standard f-to-2f interferometry method that cannot be 
implemented here due to the too low output power and too long pulses 
emitted by the laser for coherent octave-spanning supercontinuum 
spectrum generation. Nevertheless, we have been able to indirectly 
measure the frequency noise spectrum of the CEO signal without detecting 
fCEO. This result constitutes to the best of our knowledge the highest 
repetition rate CEO noise measurement realized for a mode-locked laser. 
We observed a very similar and anti-correlated phase noise between frep and 
fCEO, leading to a much lower phase noise of the optical mode. We explain 
this behavior using the elastic tape model of a frequency comb [14], [15] and 
the presence of a fixed point located close to the carrier frequency in the 
laser spectrum. 

3.3.2 Experimental setup 

We have used a picosecond Er:Yb:glass laser oscillator (ERGO), 
which is schematized Fig. 3.10. It is made of a V-shaped cavity, consisting 
of an output coupler with 0.5% transmission, a 1-mm thick Er:Yb-doped 
glass plate (QX/Er from Kigre) as gain medium, a folding high-reflectivity 
mirror, and a quantum-well-based semiconductor saturable absorber 
mirror (SESAM). The laser is based on the same design as previously 
described for a similar 10-GHz ERGO laser [16] and also used in a 12.5-GHz 
ERGO laser employed for some optical communications proof-of-principle 
demonstrations [1], [13]. The same components such as gain medium and 
SESAM are used, only the folding mirror and output coupler have a 
different radius of curvature that is shorter than 2 mm resulting into a 
compact standing-wave cavity with an optical length of only 6 mm between 
its end mirrors. All optics are glued on stainless steel parts. The laser is 
fundamentally mode-locked, meaning that a single pulse circulates within 
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the cavity with 25-GHz pulse repetition rate of the output beam. The 
SESAM is mounted on a PZT for fine cavity length adjustment and 
stabilization. The laser is pumped by a single-mode fiber-pigtailed diode, 
emitting up to 600 mW at 976 nm (model 300076 from EM4), but only a 
fraction of up to ∼300 mW of pump power was used here. This is the same 
type of pump diode used at a similar power as in the 10-GHz ERGO laser 
reported in [16].The pump beam is coupled into the laser cavity through a 
dichroic mirror placed in the output beam, after the output coupler (Fig. 
3.10). The laser generates pulses with a duration of ~3 ps at a center 
wavelength of 1547 nm. Passive fundamental SESAM mode-locking 
enables ultralow pulse timing jitter and optical pulse-to-pulse phase 
coherence, which is essential for high data rate communication systems 
with coherent modulation formats [1]. As the 25-GHz ERGO laser is very 
similar to the previously reported versions with 10-GHz and 12.5-GHz 
repetition rates [1], [13], [16], which are built on the same mechanical 
platform and pumped by the same type of laser diode, similar noise 
properties are expected, just scaled up by the higher repetition rate. 
However, these noise properties have not been studied in detail before. In 
a basic heterodyne beat measurement made with a narrow-linewidth 
continuous-wave (CW) laser, a linewidth of an optical mode of the 12.5 GHz 
ERGO laser was claimed to be at the kHz level for an observation time of a 
few ms only [13]. However, this result was obtained by fitting the measured 
beat signal by a Lorentzian lineshape in a logarithmic scale, so that the 3-dB 
linewidth was not properly assessed and strongly underestimated in our 
opinion. Here, we present a detailed analysis of the noise properties of the 
25-GHz mode-locked laser obtained by measuring the complete frequency 
noise power spectral density (FN-PSD) of an optical line, as well as of the 
individual contributions of the repetition rate and CEO frequency down to 
a Fourier frequency of 1 Hz. The FN-PSD is the most complete quantity to 
characterize the noise properties of a signal, and contains much more 
information than the power spectrum [17]. 
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The experimental setup shown in Fig. 3.11 was implemented to beat 
one mode of the laser with an ultra-low-noise continuous-wave reference 
laser to measure the frequency noise of one of its individual modes. 
Additionally, this setup enabled us to indirectly assess the frequency noise 
of the CEO signal of the ERGO laser without directly detecting the CEO beat 
by the traditional method of f-to-2f interferometry. This was not possible 
with this laser as the required octave-spanning supercontinuum spectrum 
cannot be achieved with the present laser power and pulse duration. The 
general principle of the implemented approach was previously presented 
and validated using a self-referenced Er:fiber frequency comb [18]. We 
recently applied it to perform the first detailed investigation of the noise 
properties of the CEO frequency in a mode-locked semiconductor laser [19]. 
Here we have applied it in a similar way to the 25-GHz ERGO laser. In brief, 
the method consists of suppressing the contribution of the repetition rate in 
the frequency noise of an optical line νN = (N· frep + fCEO) of the mode-locked 
laser, measured from the heterodyne beat with a narrow-linewidth laser. 
The repetition rate suppression was achieved using an electrical scheme 
(see Fig. 3.11) and not optically as with f-to-2f interferometry. As a result, 
the frequency noise originating from fCEO is the dominant noise contribution 
in the analyzed signal, which could be measured even if the CEO frequency 
itself remained unknown. 

 

 

Fig. 3.10: Layout of the 25-GHz ERGO laser. The gain medium is an Er:Yb-doped glass plate 
and a quantum well SESAM is placed at the end of the cavity, mounted on a PZT for cavity 
length control. 
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More specifically, we first detected the heterodyne beat signal 
fbeat = νlaser − N· frep − fCEO between a CW reference laser of frequency νlaser 
and one mode νN of the 25-GHz ERGO laser at ~1547 nm, corresponding to 
a mode number N ≈ 7,760. The reference laser was an external cavity diode 
laser (ECDL) stabilized to an ultra-low thermal expansion (ULE) optical 
cavity using the Pound-Drever-Hall locking technique [20]. It has a 
negligible frequency noise (with a corresponding linewidth in a range of a 
few Hz) compared to the CEO signal to be analyzed. The 10 GHz 
heterodyne beat signal fbeat was detected using a fast photodiode (Discovery 
Semiconductors DSC40S, PD-1 in Fig. 3.11). It was subsequently band-pass 
filtered, amplified and frequency-divided by a large integer number 
Ndiv = 7,620 using three successive off-the-shelf frequency dividers with a 
division factor of 2, 10 and 381, respectively. The resulting frequency-
divided signal fA = fbeat / Ndiv ≈ 1.3 MHz contained the frequency 
fluctuations ΔfCEO of the unknown CEO signal divided by the large number 
Ndiv, plus the frequency fluctuations Δ frep of the repetition rate scaled by 
the factor (N/ Ndiv) ≈ 1, i.e., Δ fA = (N/ Ndiv)·Δfrep +ΔfCEO / Ndiv. In this 
expression, the frequency fluctuations Δνlaser of the reference laser have 
been omitted as they are negligible compared to the noise of the CEO signal. 
The noise of the repetition rate was removed by mixing the frequency-
divided beat signal fA with the repetition rate frep separately detected using 
another fast photodiode (New-Focus 1014-IR, PD-2 in Fig. 3.11). A perfect 
cancellation of the noise of frep was not achieved as the required condition 
Ndiv = N was not exactly fulfilled in the setup. However, the residual noise 
contribution of frep was negligible as N/ Ndiv ≈ 1. Due to the large frequency 
difference occurring between the two signals fA ≈ 1.3 MHz and 
frep = 24.899 GHz, the repetition rate was first frequency down-converted 
using a frequency synthesizer (Agilent E8257D, Synth-1 in Fig. 3.11) tuned 
at fsynth ≈ 24.889 GHz, prior to be mixed with the frequency-divided beat 
signal fA in order to make possible the filtering of the proper signal at the 
mixer output. Alternately, a single-sideband mixer could be used to 
circumvent the use of Synth-1. The resulting signal 
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fout = fA + (frep − fsynth) ≈ (νlaser − fCEO)/ Ndiv − fsynth ≈ 11.3 MHz comprised 
the frequency noise of the free-running CEO signal, scaled down by the 
large number Ndiv, i.e., Δfout ≈ Δ fCEO / Ndiv. This signal was analyzed using 
a phase noise analyzer (Rohde & Schwarz FSWP26). 

To stabilize the repetition rate at ~25 GHz, the down-converted 
repetition rate signal (frep − fsynth) was phase-locked to a 10 MHz signal 
(Agilent 33250A, Synth-2 in Fig. 3.11) by applying feedback to the PZT 
holding the SESAM in the laser cavity. For this stabilization, both 
synthesizers Synth-1 and Synth-2 (at 24.899 GHz and 10 MHz, respectively) 
were referenced to an H-maser to ensure their long-term frequency 
stability. 

 

Fig. 3.11:  Overall scheme of the experimental setup implemented to measure the frequency 
noise of the unknown free-running CEO signal of the 25-GHz ERGO laser and to lock its 
repetition rate to an external frequency reference. The CEO frequency noise is indirectly 
measured by separately detecting the heterodyne beat between one optical line of the ERGO 
laser and a narrow-linewidth external cavity diode laser (ECDL) at 1547 nm, filtered and 
frequency-divided (FD) by a large number Ndiv = 7,620 (upper branch of the scheme) and 
the repetition rate frep, down-converted to a low frequency of 10 MHz (lower branch of the 
scheme). The two signals are then combined (mixed) to remove the noise contribution of  
frep, such that the resulting signal  fout is representative of the noise of fCEO. The down-
converted repetition rate signal is also used for phase stabilization using a proportional-
integral (PI) servo-controller and a feedback signal applied to a PZT in the laser cavity 
(bottom part of the scheme). 
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3.3.3 Experimental results 

The FN-PSD measured for an optical mode 𝜈𝜈N of the free-running 
ERGO laser (from the beat signal with the narrow linewidth CW laser) is 
displayed in Fig. 3.12. For comparison, the frequency noise spectra 
separately measured for the repetition rate frep and indirectly assessed for 
the unknown CEO signal using our experimental scheme are also plotted 
on the same graph. A very similar noise spectrum is observed for the 
indirect CEO signal and for the repetition rate up-scaled to the optical 
frequency (i.e., N· frep), whereas the noise of the optical line is significantly 
lower. This indicates that the fluctuations of frep and fCEO are anti-correlated 
and partially compensate each other in the optical line. This behavior 
indicates the existence of a fixed point [21], [22] in the vicinity of the optical 
carrier in the spectrum of our laser according to the elastic tape model of 
the frequency comb [14], [15]. This fixed point results from the dominant 
noise source in our laser, which is believed to be the amplitude noise of the 
pump laser. It has been previously shown that pump noise leads to a fixed 
point located at the carrier frequency in diode-pumped frequency combs 
[21] and we recently observed that the pump noise was also the main 
contribution in the frequency noise of the CEO beat in a 1-GHz DPSSL 
frequency comb [29].  

However, the noise of an optical line of the comb was dominated in 
this case by mechanical noise in the laser cavity, which strongly affected the 
repetition rate. At Fourier frequencies higher than ~30 kHz, the measured 
CEO FN-PSD is limited by the experimental noise floor arising from the 
synthesizer used to frequency down-convert the repetition rate signal 
(Synth 1 in the setup of Fig. 3.11). However, from the very similar noise 
observed at lower frequencies for N· frep and fCEO and its interpretation in 
terms of the laser fixed point, one can also expect a comparable 
correspondence at high frequency. Therefore, one can assume the presence 
of the same white frequency noise plateau in the FN-PSD of fCEO as for 
N· frep, at a level of ~2· 106 Hz2/Hz. This assumption is justified by the 
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flattening of the indirect CEO signal FN-PSD observed in the range of 10 to 
30 kHz compared to its regular 1/f behavior occurring at lower frequencies. 
Furthermore, the FN-PSD of the optical beat is much lower than the 
measured noise of N· frep in this frequency range, which shows that here 
also fCEO and N· frep have a similar noise level and are anti correlated.  

By considering the same white frequency noise as for N· frep, a CEO 
linewidth of ~5 MHz is obtained at an integration time of 100 ms using the 
approximation of the β-separation line [23]. This value results to a large 
extent from the high white FN PSD of fCEO at Fourier frequencies above 
~30 kHz. This high white frequency noise is believed to result from the low 
optical power of the laser (~4 mW output power), leading to high quantum 
noise. Using typical parameters for our laser (0.5% output coupler, ~0.5% 
parasitic losses leading to ~1% gain per round trip, ~3-ps pulse duration), 
the quantum noise level estimated from the theoretical formula introduced 
by Schlatter and co-workers [24] is on the same order of magnitude as the 
observed white noise level. However, this estimation is fairly imprecise due 
to the poor knowledge of some of the relevant laser parameters for this 
calculation. In contrast, the resulting linewidth estimated for the optical 
mode 𝜈𝜈N = (N· frep + fCEO) is only ~270 kHz at 100-ms integration time, which 
is indeed significantly narrower than the estimated CEO linewidth of 
~5 MHz. This is also much smaller than the value of ~10 MHz that would 
result from a completely uncorrelated noise of fCEO and frep. The noise 
observed at Fourier frequencies higher than 20 kHz in the FN-PSD of the 
optical beat note has not been considered in the linewidth calculation, as it 
mainly arises from the CW laser locked to the cavity (especially its servo 
bump at ~250 kHz) and from other RF components used in the 
measurement scheme, therefore it is not representative of the actual laser 
noise. The noise peak occurring at ~14 kHz in the FN-PSD of frep, but not of 
fCEO, does not originate directly from the mode-locked laser. We discovered 
afterwards that it arose from a parasitic noise peak occurring in the servo-
controller used in the repetition rate stabilization loop. This technical noise 
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peak was present even when frep was not stabilized, but with the PZT 
connected to the servo-controller. This technical noise peak was amplified 
in the optical beat as there is no compensation by the CEO signal. However, 
its contribution to the calculated linewidth of the optical line is small (it 
contributes only for 10 kHz in the linewidth calculate at 100 ms integration 
time). The degree of correlation between the frequency noise of N· frep and 
fCEO was assessed from our measurements to further confirm our previous 
statement about the laser fixed point. It was obtained by calculating the sum 
of the complex coherence ΓΔ between the frequency variations of the 
indirect CEO signal and repetition rate in the free-running ERGO laser from 
the measured FN PSD of 𝜈𝜈N, frep and fCEO following the approach presented 
by Dolgovskiy and co-workers [25]. The calculated value of ΓΔ shown in Fig. 
3.12 (b) is close to -2 in the entire spectral range of 10 Hz to >10 kHz, which 
demonstrates a strong anti-correlation of the frequency noise of N· frep and 
fCEO. This outcome, combined with the similar amplitude of the FN-PSD 
separately measured for frep and indirectly for fCEO, confirms the existence 
of a fixed point in the spectrum of our laser. This explains the lower 
observed frequency noise of the optical mode of the ERGO laser compared 
to the individual noise contributions of N· frep and fCEO. The ΓΔ value 
matches -2 in the frequency range of 1 kHz to 10 kHz, whereas it is 
somehow smaller (in absolute value) at lower Fourier frequencies. This 
indicates that there is in fact not a true fixed point in the spectrum of our 
laser as generally considered by the simplified comb elastic tape model [14], 
[15]. Instead, the fixed point varies with the considered noise frequency as 
previously observed in an Er:fiber comb and described in details in [25]. 
This is the reason why the FN-PSD of the optical mode is much lower than 
the individual noise of frep or fCEO in the frequency range of 1 kHz to 10 kHz 
(by two orders of magnitude), whereas the difference is reduced at lower 
frequency (only one order of magnitude at f = 100 Hz) despite the similar 
amplitude of the frequency noise of frep and fCEO. This may indicate that 
another noise source affects the laser at low Fourier frequencies, and has a 
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different impact on fCEO and frep (in other words it corresponds to a different 
fixed point). 

We stabilized the repetition rate of our laser to a reference signal from 
a synthesizer as schematized in Fig. 3.11 and we measured the resulting 
frequency noise spectra of frep, fCEO and of the optical line νN in a similar way 
as for the free-running laser. Results obtained with the locked repetition rate 
are displayed in Fig. 3.13(a) and a comparison between the free-running and 
stabilized cases is separately shown in Fig. 3.13(b-d) for frep, the indirect 
CEO signal and the optical line νN. One observes that the repetition rate is 
properly stabilized with a feedback bandwidth of around 1.5 kHz, assessed  

 

Fig. 3.12: (a) Frequency noise power spectral density (FN-PSD) measured for an optical 
mode νN (green), in comparison to the laser repetition rate scaled to the optical frequency 
(N frep, red) and indirectly assessed for the CEO signal (light blue). At high Fourier 
frequency, the noise spectrum of fCEO is limited by the 25-GHz synthesizer used for 
frequency down-conversion (grey curve), whereas the noise spectrum of the comb line is 
limited by the reference CW laser and some RF components used in the setup (displayed 
by the light green part of the curve). The noise peak at ~14 kHz visible in the spectra of N frep 
and νN arises from a spurious noise peak present in the output signal of the PID controller 
that was connected to the laser cavity PZT. (b) Frequency dependence of the sum of the 
complex coherences ΓΔ between the frequency variations of fCEO and frep in the free-running 
ERGO laser. 
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from the servo bump in its FN-PSD [see Fig. 3.13(b)]. The achieved FN-PSD 
coincides with the noise of the reference synthesizer at Fourier frequencies 
below ~50 Hz. However, the frequency noise of the optical line νN is 
significantly degraded by the repetition rate stabilization, while the 
frequency noise of fCEO is not reduced by the feedback loop, despite its 
strong negative correlation with the noise of frep. The reason is that the effect 

 

Fig. 3.13: (a) Comparison of the FN-PSD of the repetition rate up-scaled to the optical 
frequency (N·frep, red), of the indirect CEO signal (blue) and of the optical line νN (green) of 
the ERGO laser measured when the repetition rate is locked. The low-frequency noise floor 
resulting from the ~25-GHz synthesizer used as a reference in the stabilization of frep is also 
displayed (gray), showing that it limits the FN-PSD of the repetition rate at frequencies 
below ~30 Hz. (b-d) FN-PSD of the repetition rate (b), of the indirect CEO signal (c) and of 
the optical line (d) of the ERGO laser in locked (darker colors) and free-running (lighter 
colors) conditions. The strong noise peak at ~14 kHz visible in the spectra of the optical line 
arises from a spurious noise peak present in the output signal of the PID controller and is 
not inherent to the laser itself. 
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of the PZT on the laser operation corresponds to a different fixed point than 
the principal noise source that affects the free-running laser, which is 
believed to be the amplitude noise of the pump diode. 

To further investigate the noise behavior observed in Fig. 3.13 for the 
stabilized repetition rate, we measured the transfer function of νN, frep and 
fCEO for a modulation of the cavity length. This was realized by modulating 
the PZT voltage with a sine waveform and by demodulating the 
corresponding signals (optical beat, repetition rate or indirect CEO signal) 
using a frequency discriminator [26] and a lock-in amplifier. The indirect 
CEO signal was obtained using the scheme of Fig. 3.11. The different 
transfer functions, displayed in Fig. 3.14 present the same behavior, both in 
amplitude and in phase, with a constant amplitude response up to ~10 kHz. 
A phase shift of 180° is observed between the transfer functions of frep and 
fCEO, which indicates that a change of the cavity length produces an opposite 
effect on frep and fCEO. The PZT produces a significant change of fCEO, which 
is a factor ~3,000 larger than the corresponding tuning coefficient of frep. 
This corresponds to a fixed point Nfix ≈ 3,000 or to a fixed frequency 
Nfix· frep ≈ 75 THz for the cavity length change, which is substantially lower 
than the fixed frequency resulting from the noise in the free-running laser, 
located close to the optical carrier of ~194 THz. The fixed frequency for a 
change of the cavity length is two orders of magnitude higher than values 

 

Fig. 3.14: Transfer functions in amplitude (a) and phase (b) of N·frep (red), fCEO (light blue) 
and νN (optical line, green) for a modulation of the PZT voltage. 
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reported in a 250-MHz Er:fiber frequency comb [25] and in another 
Er:Yb:glass DPSSL comb with 75-MHz repetition rate [27], both in the same 
wavelength range of 1.56 µm. This factor is of the same order of magnitude 
as the ratio of the considered repetition rates. 

The repetition rate has a slightly more important contribution (by a 
factor ~2.7) than fCEO to the modulation of the optical line νN resulting from 
a change of the cavity length, as a result of its scaling by the mode number 
N ≈ 7,760. From the theoretical model of coupled stabilization loops in a 
frequency comb presented by Dolgovskiy and co-workers [25], the impact 
of the repetition rate stabilization loop on the CEO signal is given by the 
following expression if a fully anti-correlated noise of similar amplitude is 
considered between fCEO and N· frep (i.e., Δ fCEO ≈ -N·Δ frep): 
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where ΔfCEO and δfCEO represent the frequency fluctuations of fCEO 
with the repetition rate stabilization loop open and closed, respectively, H(f) 
is the total open loop transfer function of the repetition rate stabilization, 
while 

CEOfC and 
repfC  are the transfer functions of fCEO and frep for a modulation 

of the PZT shown in Fig. 3.14. All transfer functions in Eq. (20) are complex 
numbers that incorporate both the amplitude and phase information.   

The stabilization loop of frep might have a significant effect on fCEO in 
our laser only in the case where  

CEO rep
≈f fC C N , i.e., if the ratio of the transfer 

functions of fCEO and frep  
CEO rep

( )f fC C  was approximately equal to the ratio of 

the free-running frequency fluctuations of fCEO and frep (i.e., if 
ΔfCEO /Δfrep ≈  -N). In other words, the fixed points corresponding to the 
effect of the PZT and to the dominant noise source in the free-running laser 
should coincide. In the present case, 

CEO rep
( ) 0.3≈f fC C N  , so that the FN-PSD 

of fCEO is reduced in the best case by a factor of (1-0.3)-2 ≈ 2 within the 
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repetition rate loop bandwidth (i.e., for ǀHǀ >>1 ), which is too small to be 
visible on the noise spectrum of fCEO displayed in Fig. 3.13(c).  

The effect of the repetition rate stabilization on the optical line at νN is 
even more detrimental than for fCEO and its FN-PSD is significantly 
degraded when the repetition rate is stabilized. Whereas the fluctuations of 
N· frep and fCEO did compensate each other to a large extent in the noise of 
the optical line νN in the free-running laser (as νN is located close to the fixed 
point), this situation no longer stands when the repetition rate is locked. The 
noise of frep is strongly reduced by the stabilization loop, while fCEO is not 
affected. Therefore, the FN-PSD of the optical line mainly corresponds to 
the noise of fCEO when frep is stabilized (within the loop bandwidth) and is 
thus higher than in the free-running case. Beyond the loop bandwidth, the 
frequency noise of the optical mode is still enhanced in the frequency range 
between ~1 kHz and ~10 kHz in comparison to the unstabilized case. This 
is believed to result from a slight difference in the noise amplitude of fCEO 
and N· frep and from their partially uncorrelated part, which are both 
introduced by the loop. The parasitic noise peak at ~14-kHz that is coupled 
onto frep and νN by the servo-controller is strongly enhanced when the 
repetition rate loop is closed. As this peak arises from a spurious technical 
noise of the servo-controller and is not inherent to the laser itself, it is not 
taken into account in the estimation of the optical mode linewidth. 
Therefore, the linewidth of the optical line obtained by integrating the FN- 
PSD between 10 Hz and 10 kHz (i.e., without considering the 14-kHz excess 
noise peak) amounts to ~600 kHz, which is slightly more than a factor 2 
broader than the free-running linewidth. 
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3.3.4 Conclusion 

We have presented a detailed analysis of the frequency noise of a 
25-GHz ERGO DPSSL, including an indirect assessment of the frequency 
noise of the CEO signal. This signal was indirectly obtained using an 
electrical scheme that does not require the detection of the CEO beat using 
a nonlinear interferometry scheme (such as f-to-2f or 2f to-3f [28]). Instead, 
we assessed the frequency noise of fCEO using an appropriate combination 
of electrical signals made of the laser repetition rate and of a frequency-
divided heterodyne beat with a narrow linewidth laser. A relatively high 
frequency noise of the CEO signal was estimated from these measurements. 
The regular 1/f noise observed at low frequency is higher by only a factor 
~10 compared to a 1-GHz DPSSL at 1 µm that we recently fully stabilized 
with CEO self-referencing [29], which appears relatively moderate owing 
to the 25-fold higher repetition rate of the ERGO laser. However, the white 
frequency noise plateau occurring at Fourier frequencies above 10 kHz has 
a significant contribution to the large CEO linewidth of ~5 MHz (at 100 ms 
integration time) assessed from its extrapolated frequency noise.   

Despite the frequency noise assessed for the CEO signal, the 1/f noise 
of an optical mode of the laser was lower by at least 1-2 orders of magnitude, 
leading to a much narrower linewidth < 300 kHz at the same integration 
time of 100 ms. The reason behind this observation is a partial compensation 
of the noise of N· frep and fCEO in the optical mode of the laser that arises 
from their similar amplitude and strong anti-correlation, leading to a fixed 
point in the spectrum of the laser that is located in the vicinity of the optical 
carrier. Amplitude noise of the pump diode is believed to be the dominant 
noise source responsible for this behavior. The noise compensation no 
longer holds when the repetition rate is stabilized by active feedback to the 
cavity length, which strongly reduces the fluctuations of frep but lets the 
noise of fCEO almost unchanged within the locking bandwidth. Therefore, 
the frequency noise and linewidth of an optical mode of the laser are 
degraded when frep is stabilized. This degradation is not related to the 
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quality of the stabilization of frep, but is a direct consequence of the different 
fixed points corresponding to the major noise source in the free-running 
laser and to the PZT actuator used for the stabilization, as shown by our 
detailed noise analysis. The laser performance, i.e., the optical linewidth, 
may be improved when the repetition rate is stabilized by additionally 
phase-locking one mode of the laser to an optical reference. The optical 
reference can be either a free-running low frequency noise laser, such as a 
planar-waveguide external cavity laser [30] with a linewidth in the range of 
a few kilohertz, or a cavity-stabilized laser with a narrower linewidth. In 
order to faithfully transfer the noise properties of the optical reference to 
the optical modes of the ERGO laser, i.e., to achieve a tight phase-lock, a 
feedback bandwidth of less than 50 kHz is estimated to be sufficient from 
the crossing-point of the FN-PSD of the optical line νN with the β separation 
line [23]. If a modulation of the current of the ERGO laser pump diode was 
not fast enough to achieve such bandwidth as a result of the laser cavity 
dynamics, a faster stabilization could be achieved using a feedforward 
method using an acousto-optic modulator in the laser output beam [11]. In 
this a way, a multi-wavelength laser source with narrow-linewidth optical 
modes compatible with the requirements of 16-ary quadrature amplitude 
modulation (16-QAM) coherent optical telecommunication systems can be 
obtained [13]. 
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3.4 Investigation of the noise properties of the 
offset frequency in a quantum cascade Laser 
frequency comb  

This section presents a similar noise investigation as shown in Section 
3.3, but for a QCL-comb in the mid-infrared. QCLs are unipolar 
semiconductor lasers emitting in the mid-infrared or THz spectral range, 
based on intraband transitions in the gain medium29. Under certain 
conditions, Fabry-Perot QCLs can emit a comb spectrum made of 
equidistant lines due to a nonlinear four-wave mixing process occurring in 
the semiconductor gain material, which locks the modes together25. As a 
result, a comb spectrum is obtained in the spectral domain, but these lasers 
do not emit ultrashort pulses in contrast to femtosecond mode-locked 
lasers, and their output power is nearly constant, only affected by a small 
amplitude modulation. QCL-combs constitute a relatively novel comb 
technology with a high potential for dual-comb spectroscopy in the mid-
infrared, but their noise properties have not been investigated deeply so far. 
In particular, the absence of a pulsed emission, combined with the poor 
availability of optical fibers in this spectral range, prevents the generation 
of a broad supercontinuum spectrum by spectral broadening for f-to-2f self-
referenced CEO detection. Therefore, no noise investigation of the offset 
frequency has been reported so far for a mid-infrared QCL-comb. 

Using the dedicated scheme introduced in Section 3.1 to characterize 
the CEO beat in mode-locked frequency combs, a similar noise investigation 
was performed for the first time for the offset frequency f0 of a QCL-comb 
in the mid-infrared. By separately analyzing the noise of the characteristic 
comb frequencies, f0, fFSR (mode spacing, equivalent to frep for pulsed 
modelocked lasers) and 𝜈𝜈opt , it was possible for the first time to quantify the 
noise contributions of the two degrees of freedom of a QCL-comb. 
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Fig. 3.15: Scheme of the experimental setup implemented to measure the frequency noise 
of the unknown free-running offset f0 of the QCL-comb. The frequency noise of f0 is 
indirectly measured by separately detecting the heterodyne beat between one optical line of 
the QCL-comb and a narrow-linewidth DFB-QCL at 1256.7 cm-1, filtered, up-converted and 
frequency-divided by a large number N = 5,112 using a frequency pre-scaler (÷6) and a direct 
digital synthesizer (DDS, upper branch of the scheme) and the mode spacing fFSR by RF 
extraction (lower branch of the scheme) on the chip wires through a bias-T. The two signals 
are then combined (mixed) to remove the noise contribution of fFSR, such that the resulting 
signal fout is representative of the noise of f0 only. SSB: single sideband mixer; BS: 
beamsplitter; ESA: electrical spectrum analyzer; PNA: phase noise analyzer. 
 

The used QCL-comb has a length of 6 mm, leading to a mode spacing 
of ~7.4 GHz. Its facets are high-reflection coated and the laser is junction-
down-mounted. It was operated at a temperature of 10°C and at a typical 
current of ~1.7 A. In these conditions, the optical spectrum centered at 
1245 cm-1 typically extends over 50 cm-1 and consists of ~200 lines separated 
by ~7.4 GHz. This frequency (mode spacing) can be detected electrically 
from the intermode beating extracted from the modulation of the injected 
current in the laser30. The experimental setup shown in Fig. 3.15 was 
implemented to beat one mode of the QCL-comb with a low-noise single-
mode reference laser in order to measure the frequency noise of one of its 
individual modes. The reference laser is a distributed feedback (DFB) QCL 
operating at 1256.7 cm-1. It was temperature-controlled and driven by a 
home-made low-noise QCL driver, and its linewidth was narrowed by 
stabilization to a Mach-Zehnder interferometer as described in Section 4.1.2. 
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Hence, the measured heterodyne beat reflects the noise of the QCL-comb as 
the resulting linewidth in the 10-kHz range (at 1-s integration time) of the 
stabilized DFB-QCL is significantly narrower than the linewidth of the 
QCL-comb presented later. 

This setup enabled the frequency noise of the offset frequency f0 of the 
QCL-comb to be indirectly assessed without directly detecting it by the 
traditional method of f-to-2f interferometry. The frequency noise PSD 
measured for an optical mode 𝜈𝜈N of the free-running QCL-comb (from the 
beat signal with the narrow-linewidth QCL) is displayed in Fig. 3.16. It is 
compared to the mathematically scaled frequency noise spectra separately 
measured for the up-scaled mode spacing N· fFSR of the QCL-comb and 
indirectly assessed for f0 using the experimental scheme. A close frequency 
noise spectrum (same shape and similar amplitude) is observed for the 
indirect f0 signal and for the up-scaled mode spacing, whereas the noise of 
the optical line is significantly lower. This indicates that the fluctuations of 
fFSR and f0 are anti-correlated and partially compensate each other in the 
optical line. This behavior implies the existence of a fixed point31,32 in the 
vicinity of the optical carrier in the spectrum of the QCL-comb according to 
the elastic tape model of frequency combs introduced for mode-locked 
lasers9,33. This fixed point is calculated in this case as Nfix ≈ 4,300, leading to 
a fixed wave number of ~1056 cm-1 located outside of the comb spectrum. 
It results from the dominant noise source in the used QCL-comb, which is 
believed to arise from the voltage noise between the QCL terminals as 
previously observed in single-mode QCLs34,35, which induces fluctuations 
of the internal temperature of the gain medium. 
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Fig. 3.16: Frequency noise power spectral density (FN-PSD) separately measured for an 
optical mode νN (pink), for the mode spacing scaled to the optical frequency (N·fFSR, blue) 
and indirectly assessed for the offset signal f0 (green). 

The degree of correlation between the frequency noise of N·fFSR and f0 
was assessed from the measurements by calculating the sum of the complex 
coherence Γ∆  between the frequency variations of the indirect offset signal 
f0 and of the mode spacing in the free-running QCL-comb from the 
measured FN-PSD of νN, fFSR and f0 following the approach presented by 
Dolgovskiy and co-workers36:   

 

Γ∆ =
𝑆𝑆𝑓𝑓beat − 𝑆𝑆𝑓𝑓CEO − 𝑆𝑆𝑁𝑁∙𝑓𝑓FSR

�𝑆𝑆𝑓𝑓𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑆𝑆𝑁𝑁∙𝑓𝑓FSR
 (21) 

 

where Sx represents the FN-PSD of the parameter x. The calculated 
value of  Γ∆ displayed in Fig. 3.17 is close to -2 in the entire considered 
spectral range, which demonstrates the strong anti-correlation of the 
frequency noise of N·fFSR and f0. This outcome, combined with the similar 
amplitude of the FN-PSD measured for N·fFSR and indirectly for f0, explains 
the lower frequency noise observed for the optical mode of the QCL-comb 
compared to the individual noise contributions of N·fFSR and f0. This 
behavior is very similar to the case of comb spectra generated from ultrafast 
mode-locked lasers as reported in Section 3.3 for a 25-GHz diode-pumped 
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solid-state laser, even though the comb formation mechanism is completely 
different. 

 

 

Fig. 3.17: Frequency dependence of the sum of the complex coherences Γ∆ between the 
frequency variations of f0 and fFSR in the free-running QCL-comb 

 

The effect of a modulation of the laser driving current on the two comb 
parameters fFSR and f0, as well as on an optical line νN, was separately 
investigated by measuring their transfer functions. For this purpose, the 
QCL current was modulated with a sine waveform and he corresponding 
signals (optical beat, mode spacing or indirect offset signal obtained using 
the scheme of Fig. 3.15) were demodulated using a frequency 
discriminator37  and a lock-in amplifier.  

The measured transfer functions displayed in Fig. 3.18 present the 
same behavior, both in amplitude and in phase, with a flat amplitude 
response up to ~10 kHz. A phase shift of 180° is observed between the 
transfer functions of fFSR and f0, which indicates that a change of the QCL 
current produces an opposite effect on fFSR and f0. 
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Fig. 3.18: Transfer function in amplitude (top) and phase (bottom) of  N·fFSR (blue), f0 (green) 
and νN (optical line, pink) for a modulation of the QCL current. 
 

As a conclusion, the first noise characterization of the offset frequency 
in a mid-infrared QCL-comb has been realized in this work using an 
electrical scheme previously presented in Section 3.1 and applied to other 
types of comb spectra in Sections 3.2 to 3.3. This scheme has been applied 
for the first time here to a mid-infrared comb. It does not require the direct 
detection of the offset frequency beat based on a nonlinear interferometry 
scheme, which is not yet applicable to the unpulsed emission of QCL-
combs. With this scheme, the frequency noise of the two parameters of the 
QCL-comb, the mode spacing and the offset frequency, was separately 
measured. The strong observed anti-correlation between these two signals 
explains the lower noise and narrower linewidth obtained for the lines of 
the QCL-comb, with the presence of a fixed point estimated at 1056 cm-1. 
This behavior has a high analogy with the high repetition rate DPSSL 
evaluated with the same approach and reported in Section 3.3. 
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Ultralow noise optical and 
microwave oscillators 

Optical oscillators (lasers) with a very low frequency noise, narrow 
linewidth and high relative frequency stability are generally referred to as 
ultra-low noise or ultra-stable lasers. Their linewidth is typically in a range 
of a few Hz to sub-Hz38 and the fractional frequency instability39 can be at 
the level of 4.10-17, which is the highest relative frequency stability achieved 
so far for any type of oscillator.  

Such ultra-stable lasers are also a core element to generate ultralow-
noise microwave signals, as the high relative frequency stability of the 
optical oscillator can be transferred to the microwave domain with the use 
of an optical frequency comb. At the same time, the phase noise of the 
optical oscillator is divided by a large factor in the resulting microwave 
signal. Microwave signals with the lowest phase noise ever produced have 
been generated in this way10,40,41, as well as zeptosecond level integrated 
timing jitter demonstrated for microwave signals42. These outstanding 
oscillators are a key tool for numerous high-level applications in various 



Chapter 4  Ultralow noise optical and microwave oscillators 

 108  

domains (GPS, radar, lidar, quantum computing, clocking, spectroscopy, 
gravimetry, gravitational wave detection…). 

In this chapter, ultralow noise optical and microwave oscillators are 
considered with a focus on unconventional approaches. Section 4.1 deals 
with ultra-stable lasers, notably an alternative method to the commonly 
employed ultra-stable optical cavities, which makes use instead of an 
optical delay line. This approach previously demonstrated with long 
fibered delays in the near-infrared12,13 is applied here for the first time to a 
mid-infrared quantum cascade laser. Using a short, meter-scale free-space 
delay line, a significant reduction of the frequency noise is demonstrated. 
Sub-section 4.1.2 is a reprint of an article published in Optics Letters43.     

Then, Section 4.2 deals with ultralow noise microwave oscillators. An 
alternative approach to generate an ultra-low noise microwave signal by 
frequency division of an ultra-stable laser using a femtosecond frequency 
comb is first presented in Section 4.2.1, which is a reprint of an article 
published in Optics Letters44. In contrast to the commonly used method 
where the comb is optically locked to the ultra-stable lasers, the different 
approach proposed here makes use of the comb as a transfer oscillator and 
does not need any fast stabilization, which presents some advantages. 
Finally, this transfer oscillator method has also been implemented with a 
crystalline microresonator-based comb, enabling the first proof-of-principle 
demonstration of optical-to-microwave frequency division realized with a 
Kerr comb.  This is reported in Section 4.2.2 which is a reprint of an article 
submitted to Nature Communications45. 
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4.1 Ultra-low noise continuous-wave lasers 

From the Schawlow-Townes laser theory17, any laser exhibits white 
frequency noise as a quantum limit. This white frequency noise that is 
responsible for the Lorentzian linewidth (see Table 2.1) depends on the 
considered laser technology. It can be very high for laser diodes 
(> 106 Hz2/Hz) and very low for fiber lasers (< 100 Hz2/Hz) or mid-infrared 
quantum cascaded lasers46,47 (~ 102 Hz2/Hz). 

The frequency fluctuations of a laser can be reduced, especially at high 
Fourier frequency, corresponding to a narrowing of the Lorentzian 
linewidth, by using an external cavity48,49. Moreover, besides the 
fundamental white frequency noise, some additional noise with different 
frequency dependence (such as 1/f, 1/f2, or peaks at specific frequencies…) 
and magnitude, also affects a laser. It notably results from the sensitivity of 
the laser frequency to external environmental perturbations, such as 
temperature, pressure, mechanical or acoustic vibrations… In order to 
further reduce the frequency fluctuations and the linewidth of a laser, active 
frequency stabilization is needed.  

It requires an optical reference to detect the frequency fluctuations and 
an actuator in the laser to apply a correction signal to reduce the 
fluctuations. The optical reference can be for example an atomic or 
molecular transition, an optical filter resulting from multiple-wave 
interference processes (optical cavity, Bragg grating…), or a time delay 
interferometer where the laser frequency is compared to a delayed version 
of itself (see Section 4.1.1). The residual frequency fluctuations of the locked 
laser directly depend on the quality of the optical reference which, as the 
laser itself, is generally sensitive to external environmental perturbations.  

The state-of-the-art laser stabilization technology that achieved an 
optical linewidth as narrow as 10 mHz38 is based on a high-finesse well-
isolated single-crystal silicon Fabry-Pérot cavity placed under vacuum  and 
regulated at 124 K where the thermal expansion coefficient of this material 
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has a zero-crossing point. With a proper isolation of the cavity from 
environmental noise sources, the thermal noise limit (Brownian noise of the 
mirror coatings) can be reached, leading to a flicker noise floor of 4.10-17. 
Different cavity designs, materials and arrangements exist and are being 
developed by several university research groups or industries50–52. These 
systems have reached tremendous performance, but they are also fairly 
complex and bulky, which makes them not convenient for field 
applications. 

4.1.1 Optical delay-line 

The time delay interferometer, also referred to as optical delay-line, is 
probably the best candidate to achieve a high ratio of performances over 
complexity, resulting in a compact system. The laser frequency fluctuations 
are detected by comparing the emitted frequency at two different times. 
This is usually made using an imbalanced optical interferometer, such as a 
Michelson interferometer (MI) or a Mach-Zehnder interferometer (MZI) 
with a long delay between the two optical paths. From the theory53,54, the 
interferometer acts as a laser frequency fluctuations to voltage converter 
with the following transfer function 𝑇𝑇𝐹𝐹(𝑓𝑓) and 𝑇𝑇𝜙𝜙(𝑓𝑓) (for the laser phase): 

 

𝑇𝑇𝜙𝜙(𝑓𝑓) = 𝛼𝛼�1 − 𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋�        [V/rad]        (22) 

𝑇𝑇𝐹𝐹(𝑓𝑓) = 𝛼𝛼�1 − 𝑒𝑒−𝑖𝑖2𝜋𝜋𝜋𝜋𝜋𝜋� 𝑖𝑖𝑖𝑖⁄       [V/Hz]      (23) 

 

where 𝛼𝛼 is a multiplicative factor which depends on experimental 
components (conversion coefficient of the photo-detector, gain of the 
voltage amplifier…). It implies that the optical delay-line acts as a frequency 
discriminator with a factor of 2𝜋𝜋𝜏𝜏 at low Fourier frequency (≪ 1/𝜏𝜏), which 
is directly proportional to the time delay 𝜏𝜏. 
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Figure 4.1: Example of a calculated amplitude of transfer function 𝑇𝑇𝐹𝐹(𝑓𝑓) of an optical delay 
line with 𝜏𝜏 = 10 μs. 

It is important to notice that this transfer function does not depend on 
the carrier frequency of the signal, but only on the time delay 𝜏𝜏. The 
magnitude of the transfer function is directly proportional to 𝜏𝜏. The transfer 
function has null values at multiples of 1/𝜏𝜏 (see Figure 4.1). This is easily 
understood if one considers that the signal is modulated by a sine function 
at a frequency 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚. For a time delay equal to a multiple of 1/𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚, there is 
no frequency difference measured on the photodetector. The observed low-
pass filter response is a direct consequence of the multiple poles occurring 
in the transfer function. 

In this scheme, the photodetector signal depends on the frequency 
difference between the light that propagates in the two arms of the 
interferometer. It is sensitive to the laser frequency fluctuations, but also to 
fluctuations of the interferometer differential length. It implies that in the 
best case where no other noise is induced in the stabilization loop, the 
achievable relative frequency fluctuations of the stabilized laser correspond 
to the relative length fluctuations of the interferometer: ∆𝜐𝜐/𝜐𝜐 =  ∆𝐿𝐿/𝐿𝐿. 
Interferometer length fluctuations are induced by different environmental 
perturbations such as temperature, pressure, mechanical and acoustical 
vibrations, humidity, acceleration…, similarly to other optical references. 
Moreover, some other sources of extra noise are generally present and 
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reduce the final system performances, such as photodetection noise. This 
extra noise originates from the detector itself and its electronics (1/f noise) 
or from other conversion processes occurring in the photodetection (shot 
noise, polarisation fluctuations, laser intensity noise). To counter-act these 
limitations, one possibility is to use a long time delay in order to increase 
the converted frequency fluctuations compared to the extra noise, which is 
independent of the time delay. On another side, increasing the time delay 
decreases the frequency of the first zero of the interferometer transfer 
function and reduces the possible locking bandwidth. A compromise has to 
be found to reach the best performance. The photodetection noise limitation 
can be reduced by using a balanced detection54, reducing the converted 
laser intensity noise contribution. It can also be significantly mitigated with 
the use of a self-heterodyne detection12 instead of the aforementioned self-
homodyne detection54. The self-heterodyne detection consists of shifting the 
light frequency in one arm of the interferometer using a modulator (e.g., an 
acousto-optic modulator) in order to detect a heterodyne signal at the 
shifting frequency (typically in the MHz range) on the photodetector and 
not a signal around DC (0 Hz). The photo-detected signal is demodulated 
at the shifting frequency in order to generate an error signal that is much 
less affected by extra 1/f noise.  

The optical delay-line method has been used to stabilize lasers or 
characterize their frequency fluctuations since 198055. It has been mainly 
used at telecom wavelengths (~1.5 µm) based on highly imbalanced fiber 
interferometers with typical path length difference ranging from 100 m to 
100 km (corresponding to a time delay 𝜏𝜏 of 0.5 µs to 0.5 ms). It is a fairly 
simple and affordable method, enabling the realization of compact and 
performant systems, as long as the interferometer is properly isolated from 
external environmental perturbations. In principle, the method is applicable 
at any wavelength, but the literature is exempt of results obtained in the 
mid-infrared spectral region where long fiber delay are difficult and costly 
to implement. In Section 4.1.2, the application of this approach to a quantum 
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cascade laser in the mid-infrared region is presented, resulting in a strong 
reduction of its linewidth from the megahertz range (in the free-running 
mode) down to  <10 kHz  (1-s integration time), using a an imbalanced MZI 
with only 1-m path length difference and a self-homodyne detection. 
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4.1.2 10-kHz-Linewidth mid-infrared quantum cascade 

laser by stabilization to an optical delay Line  

Atif Shehzad1, Pierre Brochard1, Renaud Matthey1, Thomas Südmeyer1,  

and Stéphane Schilt1 

1Laboratoire Temps-Fréquence, Institut de Physique, Université de 
Neuchâtel, CH-2000 Neuchâtel, Switzerland. 

We present a mid-infrared quantum cascade laser (QCL) with a sub-
10-kHz full width at half maximum linewidth (at 1-s integration time) 
achieved by stabilization to a free-space optical delay line. The linear 
range in the center of a fringe detected at the output of an imbalanced 
Mach-Zehnder interferometer implemented with a short free-space 
pathlength difference of only 1 m is used as frequency discriminator to 
detect the frequency fluctuations of the QCL. Feedback is applied to the 
QCL current to lock the laser frequency to the delay line. The application 
of this method in the mid-infrared is reported for the first time. By 
implementing it in a simple self-homodyne configuration, we have been 
able to reduce the frequency noise power spectral density of the QCL by 
almost 40 dB below 10-kHz Fourier frequency, leading to a linewidth 
reduction by a factor of almost 60 compared to the free-running laser. The 
present limits of the setup are assessed and discussed. 

Distributed-feedback (DFB) quantum cascade lasers (QCLs) offer a 
unique combination of high output power, single-mode emission, and 
continuous spectral tunability that make them the most widely used type 
of continuous-wave laser sources in the mid-infrared (MIR) molecular 
fingerprint spectral region for gas-phase spectroscopy and trace gas sensing 
applications. The intrinsic or Schawlow-Townes linewidth [1] of DFB-QCLs 
that results from the laser white frequency noise can be as low as a few 
hundred hertz [2]. However, excess electrical flicker noise in the 
semiconductor structure that induces internal temperature fluctuations of 
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the laser active region [3,4], as well as technical noise that may arise from 
the current driver [5] lead to a broadening of the observed QCL emission 
linewidth (full width at half maximum - FWHM) to the megahertz level, 
typically, for integration times of milliseconds to hundreds of millisecond 
[2,3,6–8]. This is most often sufficient for gas sensing and many molecular 
spectroscopy applications, but more advanced applications that aim at 
controlling molecular degrees of freedom, for example to test fundamental 
symmetries, or to measure fundamental constants and their possible time 
variation [9], require QCLs with a lower frequency noise and, thus, a 
narrower linewidth.  

Different fairly simple approaches have been implemented to reduce 
the frequency noise of QCLs, e.g., by using the voltage noise detected 
between the QCL terminals as an error signal in a stabilization loop [10,11], 
but these methods resulted in a modest reduction of the frequency noise 
power spectral density (FN-PSD) by typically one order of magnitude. 
More sophisticated setups involved stabilization to a reference optical 
cavity. However, high-finesse cavities are much less developed in the MIR 
than in the near infrared (NIR) range where lasers stabilized down to the 
sub-hertz level are routinely used [12–15] today in optical clocks or for ultra-
low noise microwave generation. Therefore, only few works of direct laser 
stabilization to a MIR high-finesse cavity have been reported. M.S. 
Taubman and co-workers measured a heterodyne beat note with a 
linewidth of a few hertz only between two cavity-stabilized QCLs at 8.5 μm 
[16], but the measurement did not constitute an absolute assessment of the 
linewidth of these lasers as the two cavities were locked to each other with 
a bandwidth of 6 kHz. E. Fasci et al. reported a 1-ms linewidth of less than 
4 kHz for a 8.6-μm QCL locked to a high-finesse V-shaped cavity by optical 
feedback [17]. However, the most stable and low frequency noise lasers in 
this spectral region have been achieved by phase-locking a QCL to a cavity-
stabilized NIR laser through a nonlinear process using a frequency comb, 
leading to fairly complex setups [9,18]. 
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 An alternative method to an optical cavity enabling a significant 
reduction of the frequency noise of a laser was demonstrated in the NIR 
with the use of a much simpler setup based on an optical delay line [19–21]. 
The interference fringes occurring in an imbalanced Michelson or Mach-
Zehnder interferometer act as a frequency discriminator that converts 
frequency fluctuations of the laser into intensity fluctuations, which are 
detected by a photodiode at the interferometer output. In the 
interferometer, part of the light is delayed in one path by propagating 
through a time delay before being recombined with the other part of the 
light that propagates through a much shorter path. The magnitude of the 
discrimination factor (in V/Hz) is approximately given by 2𝜋𝜋𝜋𝜋Vpk, where 𝜏𝜏 
is the imbalanced interferometer time delay and Vpk is the amplitude of the 
error signal [19]. The most standard configuration makes use of a 
frequency-shifter acousto-optic modulator (AOM) in one arm to produce a 
self-heterodyne beat signal at the interferometer output. This beat signal is 
demodulated at the shifting frequency to stabilize the laser emission 
frequency to the delay line, by applying a feedback signal either directly to 
the laser driver, or to another AOM, resulting in a high feedback locking 
bandwidth. High laser noise reduction can thus be achieved and a resulting 
linewidth at the sub-hertz level has been demonstrated in the NIR using a 
500 m fiber length in a Michelson interferometer [21]. 

As the resulting frequency discrimination factor scales linearly with 
the pathlength difference between the two interferometer arms, long delay 
lines lead to a high discriminator factor and, thus, to a high frequency noise 
sensitivity. In the NIR, long delays of hundreds of meters to a few 
kilometers are easily achievable using low-loss single-mode optical fibers. 
Hence, very low FN-PSD was demonstrated for a 1.5-μm laser stabilized to 
a km-scale fiber delay, comparable to the residual noise achieved by 
stabilization to an ultra-low expansion (ULE) high-finesse optical cavity in 
a large range of Fourier frequencies [20]. Only at low offset frequencies (typ. 
below 100  Hz), the laser stabilized to the delay line was affected by higher 
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frequency noise and drift resulting from acoustic/mechanical noise and 
thermal drift of the interferometer as compared to a ULE cavity that is 
usually better protected against such disturbances by being mounted in a 
more advanced protective enclosure.  

 

Fig. 4.2:  Experimental setup for QCL frequency noise reduction using a delay line; L, lens; 
BS, beam splitter; M, mirror; PD, photodetector; BB, beam blocker, PID, proportional-
integral-derivative servo controller; FFT, fast Fourier transform. The linear range of a N2O 
transition in a gas cell (red part of the absorption line) is used to measure the frequency noise 
of the laser with a frequency-to-voltage conversion factor of 27.9 V/GHz. 

In this Letter, we demonstrate a significant frequency noise reduction 
achieved for the first time to the best of our knowledge for a MIR QCL by 
stabilization to an optical delay line. However, AOMs are much less 
common in the MIR range than in the NIR and furthermore require a high 
radio-frequency power resulting in an elevated power dissipation and the 
need for a water cooling that can induce excess noise in the interferometer. 
Therefore, a self-heterodyne configuration as used with NIR lasers is not 
convenient at MIR wavelengths. Hence, our first proof-of-principle 
demonstration reported here is based on a simpler self-homodyne scheme 
that does not need an AOM. Consequently, this scheme is much more 
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sensitive to 1/f flicker noise arising from laser intensity noise and detector 
noise that may limit the achieved frequency noise of the stabilized laser. 
Furthermore, the poor availability of low-loss single-mode optical fibers in 
the MIR prevents the use of a fibered delay line. Hence, we restricted the 
experimental setup to a short free-space pathlength difference of around 
1 m acting as frequency-to-amplitude noise converter in this first proof of 
principle. 

With this scheme, we nevertheless achieved a QCL FN-PSD reduction 
by almost 40 dB over a large range of Fourier frequencies and a narrowing 
of the corresponding linewidth below 10 kHz at 1-s integration time, as 
compared to almost 500 kHz for the free-running laser. A scheme of the 
experimental setup is shown in Fig. 4.2. A DFB-QCL emitting at ~7.8 μm 
(from Alpes Lasers, Switzerland) and driven by a home-made low-noise 
current source is coupled to a Mach-Zehnder interferometer with a 
pathlength difference of ~90 cm. The laser is operated at a temperature of 
20°C and an average current of ~435 mA located approximately in the 
middle of its operation range at this temperature. At this operation point, 
its current-tuning coefficient was assessed to be 0.29 GHz/mA. This value 
was spectroscopically obtained from the position of several N2O absorption 
lines observed in a large current scan through a low-pressure gas cell and 
their comparison to the Hitran database [22]. A 2nd order fit of the QCL 
frequency versus current was performed to extract the tuning coefficient at 
the operating point. The beat signal at the output of the interferometer is 
detected with a Mercury-Cadmium-Telluride (MCT) photodiode (Vigo 
Systems, model PVMI-4TE-8) and is compared to a stable reference voltage 
Vref to generate an error signal for the laser frequency stabilization. The 
interference fringes observed when scanning the QCL frequency (via a 
current scan) are displayed in Fig. 4.3. A high contrast of the interference of 
about 90% is achieved here with an optimized alignment of the 
interferometer, which is important to get a high discrimination factor that 
lowers the noise floor of the setup as discussed later. The measured slope 



4.1 Ultra-low noise continuous-wave lasers  

119 

Dfringe = 7.9 V/GHz in the center of a fringe is in good agreement with the 
calculated value 2𝜋𝜋𝜋𝜋Vpk = 8.3 V/GHz assessed from the applied pathlength 
difference of ~88 cm and the observed fringe amplitude of 0.45 V. The 
reference voltage is adjusted so that the zero-crossing point of the resulting 
error signal lies in the middle of a fringe, in the linear range. A proportional-
integral-derivative (PID) servo-controller (Vescent D2-125) amplifies the 
error signal and produces a feedback signal that is applied to the current 
driver of the QCL. A feedback bandwidth larger than 100 kHz is typically 
needed to achieve a substantial reduction of the QCL frequency noise and 
linewidth according to the crossing point of the FN-PSD of the free-running 
laser with the β-separation line [23]. The impact of acoustic and mechanical 
noise on the interferometer was reduced by enclosing the whole 
experimental setup in a closed wooden box whose walls are covered by a 
foam layer. Some foam was additionally placed underneath the optical 
breadboard of the interferometer.  

 

Fig. 4.3:  Interference fringes detected at the output of the interferometer when scanning the 
QCL current. The locking point indicated by a black dot is located in the linear range of a 
fringe with a slope Dfringe. The frequency axis of the graph was obtained using the measured 
tuning coefficient of the QCL of -0.29 GHz/mA. 

Before the interferometer, a beamsplitter directs part of the laser 
output beam through a 10-cm-long sealed gas cell filled with a low-pressure 
(2 mbar) of pure N2O that is followed by a photodiode. This setup is used 
to independently characterize the frequency noise of the laser (absolute out-
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of-loop measurement). The laser is tuned to the flank of a strong N2O 
absorption line at 1276.4 cm-1, which acts as a frequency discriminator with 
a typical conversion coefficient Dgas = 27.9 V/GHz measured in the setup 
(see Fig. 4.2). The voltage noise of the detector signal is measured with a fast 
Fourier transform (FFT) analyzer (Rhode-Schwarz FSWP-26) and is 
converted into laser frequency noise using the measured frequency 
discriminator, both for the free-running and locked laser. The frequency 
noise of the free-running QCL was also assessed from the error signal using 
the slope of the fringe (Dfringe) around the locking point displayed in Fig. 4.3 
for cross-check. The two distinct measurements of the FN-PSD of the free-
running QCL displayed in Fig. 4.4 are in good agreement, which proves 
their proper scaling with the discriminators slopes Dgas or Dfringe, 
respectively.   

 

Fig. 4.4:  Frequency noise PSD of the QCL in free-running (blue and green curves measured 
in two different ways) and locked (red) modes. The servo bump of the locked laser indicates 
a locking bandwith of ~400 kHz. The grey dashed line corresponds to the β-separation line 
used to calculate the corresponding laser linewidth [23]. 

Results of the stabilization to the delay line show a significant noise 
reduction (by almost 40 dB) at Fourier frequencies lower than 10 kHz. A 
locking bandwidth slightly lower than 400 kHz is assessed from the servo 
bump in the FN-PSD. However, the locked laser is affected by a fairly large 
1/f noise at low frequencies. This is a consequence of the self-homodyne 
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scheme implemented here, as the beat signal detected around DC is 
sensitive to 1/f noise originating from different sources such as laser 
intensity noise and detector noise. The narrow noise peaks occurring at 
frequencies of 50 Hz and odd harmonics in the spectrum of the locked laser 
are of electronic origin, while the series of broader noise features below 
1 kHz result from acoustic and mechanical noise in the interferometer, 
which is transferred to the laser by the feedback.   

In order to identify the present limitation in the setup, different noise 
floors have been measured (see Fig. 4.5). The noise floor of the 
characterization setup (frequency discriminator from the gas cell and 
associated detector) was assessed by recording the combination of the 
voltage noise of the detector (PD-2) and of the laser intensity noise without 
the reference gas cell. The measured voltage noise floor was converted it 
into an equivalent frequency noise floor by scaling with the measured 
frequency discriminator slope Dgas. One notices that the spectroscopic 
frequency noise characterization setup used here does not constitute a 
limitation at the presently achieved noise level of the QCL. Hence, this 
simple spectroscopic setup is suitable to characterize the frequency noise of 

 

Fig. 4.5:  Comparison of the frequency noise PSD of the locked laser with the noise floors 
originating from the characterization and stabilization parts of the experimental setup. 

 



Chapter 4  Ultralow noise optical and microwave oscillators 

 122  

a laser with a linewidth around or closely below 10 kHz (provided that its 
intensity noise is not too large). However, there is only little margin 
between the measured FN-PSD of the locked QCL and the noise floor of the 
characterization setup, so that a steeper frequency discriminator (e.g., 
obtained from a sub-Doppler transition) would be needed to characterize 
the noise of a narrower linewidth laser, e.g., at the level of a few kilohertz 
or below. 

The achieved frequency noise of the stabilized QCL matches the 
system noise floor obtained when blocking one beam in the interferometer, 
which sets the limit corresponding to the detector noise and laser intensity 
noise. The measured noise was converted into an equivalent FN-PSD by 
scaling with the interferometer frequency discrimination factor 
Dfringe = 7.9 V/GHz (see Fig. 4.3). The associated 1/f noise currently limits 
the achieved frequency noise of the locked QCL at Fourier frequencies in 
the range of around 20 Hz to 1 kHz. At lower frequencies, the drift of the 
interferometer is likely responsible for the observed laser frequency noise 
that is no longer limited by the detector or intensity noise. 

 The laser linewidth estimated from the measured FN-PSD using the 
β-separation line approximation [23] is 7.8 kHz at 1-s integration time, 
which is 60 times narrower than the linewidth of the free-running laser (Fig. 
4.6). This reduction factor is even larger than 100 at shorter integration times 
of 10 ms and below. The achieved linewidth narrowing is much higher than 
with other simple approaches previously reported for frequency noise 
reduction in QCLs [10,11], while being obtained with a fairly simple setup 
consisting only of a few standard optical components (two gold-coated 
mirrors and two polarization-independent beam splitters in the 
interferometer). This simple arrangement does not involve any vacuum 
chamber, temperature stabilization of the setup or active anti-vibration 
platform. 
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Fig. 4.6:  Full width at half maximum (FWHM) linewidth of the QCL calculated from the 
frequency noise spectrum based on the β-separation line approximation [23] as a function 
of the integration time (inverse of the lower cut-off frequency for the FN-PSD integration) in 
free-running regime (blue) and for the QCL stabilized to the delay line (red). Inset: linewidth 
narrowing factor as a function of the integration time. 

 

In conclusion, we have reported a first proof-of-principle 
demonstration of QCL frequency noise reduction using a free-space delay 
line. The achieved results are presently limited by the implemented self-
homodyne scheme and by the fact that a fairly short imbalance pathlength 
(less than 1 m) is used in this experiment. Next steps to improve the 
stabilization will consist on one hand in increasing the pathlength 
difference to enhance the sensitivity to the laser frequency noise and 
decrease the stabilization noise floor, which can be achieved for instance 
with the use of a multipass cell to keep the setup compact. On the other 
hand, we will implement an absolute lock of the delay line to a molecular 
transition to combine the linewidth reduction brought by the stabilization 
to the delay line with the absolute frequency stability of the molecular 
reference. 
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4.2 Ultra-low noise microwave oscillator 

Low phase noise electrical oscillators, especially at GHz carrier 
frequencies, can be divided into three categories. The first one includes 
fundamental or harmonic oscillation frequencies of purely electronic 
oscillators like temperature-compensated crystal oscillators (TCXO), oven-
controlled crystal oscillators (OCXO), or dielectric resonator oscillators 
(DRO). They are compact, low power consumption and inexpensive, but 
they are far from the state-of–the-art technology in terms of achieved 
frequency noise and stability. This first category also includes much better, 
but more complex systems like active hydrogen masers and cryogenic 
sapphire oscillators (CSO). The second category contains the opto-electronic 
oscillators (OEO), which is an hybrid technology introduced in 199156 that 
includes a combined electronic and optical resonator. This technology has 
achieved high performances with a phase noise of -163 dBc/Hz at 6 kHz 
Fourier frequency for a 10-GHz carrier frequency57. As explained in the 
main introduction of this thesis, the higher the frequency of an oscillator, 
the better the expected performance as a rule of thumb. Hence, the third 
category includes cutting-edge technologies based on optical frequency 
division.  

The general principle is to divide the frequency of a high-performance 
ultra-stable optical oscillator from the optical domain to a radio-frequency 
signal. There are at least three different possible schemes. The first one is to 
detect the heterodyne beat signal between two lasers that are frequency-
stabilized onto two different modes of the same optical cavity, so that their 
noise is highly correlated58. In the ideal case of perfectly correlated lasers, 
their frequency difference would be equivalent to a frequency division. 
However, the imperfect correlation that arises from the limited stabilization 
bandwidths of the two lasers, as well as from additional noise introduced 
in the stabilization loops, results in degraded performance (frequency noise 
and stability) of the obtained signal. One possibility to mitigate the impact 
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of these non-correlated contributions is to use two optical modes of the 
reference cavity as far as possible from each other. Lasers locked to these 
two modes can be linked using a frequency comb, either from a mode-
locked laser or generated with an electro-optic modulator. In this second 
case, the process referred to as electro-optical frequency division (eOFD) 
was introduced for the first time in 2014 by Jiang Li et al59.  

Optical frequency division using a frequency comb10 is the method 
that demonstrated the world record-low phase noise and frequency 
instability by reaching a phase noise floor below -173 dBc/Hz and a 
fractional frequency stability of 6.5·10-16 at 1-s integration time for a 12-GHz 
signal42. The principle is to use a self-referenced optical frequency comb 
(from a mode-locked laser) to divide the phase noise and transfer the 
fractional frequency stability of an optical reference to the repetition rate 
frequency 𝑓𝑓rep of the comb (or generally to a harmonic of it at around 

10 GHz). This requires the comb to be optically-locked to the optical 
reference, which needs a fast actuator in the comb and also benefits from a 
low-noise operation of the free-running comb. Other aspects are important 
to achieve an ultralow noise of the generated microwave signal, such as the 
quality of the optical reference38, or the value of 𝑓𝑓rep (higher is better or the 

use of optical pulse multiplier/filter is needed60), the photo-detection 
process42,61, etc. 

An alternative scheme for optical-to-microwave frequency division 
with a frequency comb developed in the frame of this thesis is reported in 
the next sections. It is based on a transfer oscillator approach9,44. The method 
is first presented in Section 4.2.1, which is a reprint of an article published 
in Optics Letters44. Then, the first proof-of-principle demonstration of 
optical-to-microwave frequency division realized with a Kerr comb using 
this transfer oscillator scheme is presented in Section 4.2.2, which is a 
reprint of a manuscript accepted for publication in Nature 
Communications45. This was done in a joint work with the group of Prof. 
Tobias Kippenberg at EPFL.  
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4.2.1 Ultra-low noise microwave generation with a 

free-running optical frequency comb transfer oscillator 

Pierre Brochard1, Stéphane Schilt1 and Thomas Südmeyer1 

1Laboratoire Temps-Fréquence, Institut de Physique, Université de 
Neuchâtel, CH-2000 Neuchâtel, Switzerland. 

We present ultra-low noise microwave synthesis by optical to radio-
frequency (RF) division realized with a free-running or RF-locked optical 
frequency comb (OFC) acting as a transfer oscillator. The method does 
not require any optical lock of the OFC and circumvents the need for a 
high bandwidth actuator. Instead, the OFC phase noise is electrically 
removed from a beat-note signal with an optical reference, leading to a 
broadband noise division. The phase noise of the ~15-GHz RF signal 
generated in this proof-of-principle demonstration is limited by a shot-
noise level below -150 dBc/Hz at high Fourier frequencies and by a 
measurement noise floor of 60 dBc/Hz at 1-Hz offset frequency when 
performing 1,100 cross-correlations. The method is attractive for high 
repetition rate OFCs that lead to a lower shot-noise, but are generally 
more difficult to tightly lock. It may also simplify the noise evaluation by 
enabling the generation of two or more distinct ultra-low noise RF signals 
from different optical references using a single OFC and their direct 
comparison to assess their individual noise.  

Optical frequency combs (OFC) from mode-locked lasers provide a 
direct and phase-coherent link between optical and microwave frequencies 
through their two degrees of freedom, the repetition rate frep and the carrier-
envelope offset (CEO) frequency fCEO. The most advanced applications of 
OFCs today are as optical-to-microwave frequency dividers. In the 
traditional implementation, one comb mode is tightly locked to an optical 
reference (ultra-stable laser) whose noise is divided down by a large factor 
to the radio-frequency (RF) domain [1,2]. This has enabled generating the 
microwave signals with the lowest phase noise to-date, below −173 dBc/Hz 
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for a 12-GHz carrier [3]. This is lower than for other well-established 
methods such as optoelectronic oscillators (OEO) [4], which achieved 
around 160 dBc/Hz at 10-kHz offset from a 10-GHz carrier [5]. The ultimate 
noise level of the RF signal corresponds essentially to the frequency-divided 
noise of the reference laser within the OFC locking bandwidth. Therefore, 
this approach requires a fast actuator for the optical lock of the OFC and is 
most often done with MHz-range repetition rate OFCs for their ease of 
development and tight stabilization. Intra-cavity electro-optic modulators 
(EOMs) with MHz bandwidth are most commonly used, but make the 
system more complex and costly, even though many comb systems today 
are equipped with such EOMs [6,7]. Higher frep in the GHz or multi-GHz 
range are attractive for low-noise RF generation, as the shot-noise limit in 
the generated signal resulting from the photo-detection of the comb pulse 
train is reduced when lowering the number of harmonics of frep detected in 
the photodiode bandwidth [1,8]. Methods have been proposed to multiply 
the repetition rate of MHz-range OFCs using fiber interleavers [8] or a set 
of filtering optical cavities [2], but the direct use of an OFC with a large 
repetition rate may simplify the overall setup and make it more compact. 
The price to pay is that the phase noise of GHz OFCs is generally higher, 
making them more challenging to properly phase-stabilize [9].  

In the traditional approach of locking the OFC to an ultra-stable laser, 
the achieved phase noise of the generated microwave directly depends on 
the properties of the optical lock. Moreover, the OFC is dedicated to the RF 
signal generation, meaning that each low-noise RF signal to be generated 
requires a specific OFC. To characterize such a system, a second fully 
independent setup is needed for cross-comparison, which involves its own 
ultra-stable laser and OFC locked to it, making the evaluation setup fairly 
sophisticated [3]. In this Letter, we show a proof-of-principle demonstration 
of ultra-low noise microwave generation realized in a different approach, 
where the OFC used for optical-to-RF division acts as a transfer oscillator 
(TO). Hence, it does not require an optical lock of the comb, which can be 
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fully free-running or locked to an RF reference, providing numerous 
advantages. In our experiment, optical-to-RF division is demonstrated with 
an old generation Er:fiber OFC that is only equipped with a slow piezo-
electrical transducer (PZT) for frep locking. The TO method circumvents the 
demanding optical lock and its associated bandwidth limitation in the 
division of the phase noise of the optical reference, leading to intrinsically 
broadband noise division. As the OFC is not phase-locked to the optical 
reference and remains fully independent, the same OFC can be used to 
down-convert different optical references to generate distinct RF signals. 
This makes the microwave signal generation setup more flexible, less 
complex and more cost-efficient in comparison to the standard approach. 
The implemented scheme is inspired by the initial work of Telle et al. in 
Ti:Sapphire mode-locked lasers [10] and by a method that we previously 
developed to characterize the CEO frequency in an OFC without directly 
detecting it by traditional f-to-2f  interferometry [11]. It basically consists in 
cancelling out electrically the phase noise of the OFC in a judicious 
combination of signals involving the beat-note with the optical reference to 
be down-scaled, as outlined in Fig. 4.7(a). In contrast to our former 
implementation where only the noise of frep was removed to access the 
frequency noise of fCEO, the noise of both degrees of freedom of the OFC, 
fCEO and frep, needs to be cancelled here, such that the resulting output RF 
signal only contains the down-scaled phase noise of the ultra-stable laser 
without degradation by the OFC. 

The experimental setup is detailed in Fig. 4.7(b). A beat-note signal fbeat 
between a mode νN of the OFC and an ultra-stable laser of frequency νCW is 
detected in a fast photodiode PD-2 (model DSC40S from Discovery 
Semiconductors Inc.). The signal centered at 14.95 GHz has a power of 
80 dBm and a signal-to-noise ratio (SNR) higher than 50 dB in a 100 kHz 
resolution bandwidth (RBW).  
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Fig. 4.7: (a) Scheme of principle of microwave synthesis by optical-to-RF division using an 
OFC as a transfer oscillator. PD: photodiode; SSB+/- : single sideband mixer (upper/lower 
sideband); DDS: direct digital synthesizer. (b) Detailed implementation of the 2-DDS 
scheme that improves the filtering of the generated microwave signal at 15 GHz and 
suppresses spurious peaks. USL: ultra-stable laser; LNA: low-noise amplifier; PRRM: Pulse 
repetition rate multiplier (free-space Mach-Zehnder interferometer, MZI). Yellow lines 
represent single-mode fibers. 

The continuous-wave (CW) reference laser (model ORION, RIO Inc.) 
emits at 1557.4 nm and is locked to a high finesse ultra-low thermal 
expansion (ULE) Fabry-Pérot cavity using the Pound-Drever-Hall locking 
scheme [12], resulting in a linewidth of a few Hz. The OFC is an Er:fiber 



4.2 Ultra-low noise microwave oscillator  

133 

comb with 250 MHz repetition rate mode-locked by nonlinear polarization 
rotation (FC1500 from Menlo Systems), which is significantly noisier than 
state-of-the-art modern fiber combs, such as based on a nonlinear 
amplifying loop mirror [6,13] or on difference frequency generation for 
passive phase stabilization [14]. The repetition rate can be locked via a slow 
PZT with a typical loop bandwidth lower than 1 kHz, and fCEO via the pump 
current with a bandwidth in the range of 10 kHz. The beat-note signal fbeat 
is filtered with a narrowband RF cavity filter (3-dB bandwidth of ~70 MHz 
centered at 14.95 GHz) and is amplified to ~15 dBm in a set of four low-
noise amplifiers (GNA 157F, RF Bay Inc.). They have a negligible 
contribution to the phase noise of the final RF signal as their additive phase 
noise is orders of magnitude lower than the noise of the ultra-stable laser 
present in the beat signal. The frequency of the CW laser and the comb 
repetition rate are tuned such that the beat frequency corresponds to 
fbeat = νN – νCW = N· frep –|fCEO|- νCW with a comb mode N in the order of 
768,000. The sign of fCEO in this expression results from its negative value 
that was experimentally determined. In parallel, the CEO beat is detected 
at 20 MHz with 40-dB SNR in 100-kHz RBW using a standard f-to-2f 
interferometer and is amplified to ~15 dBm. A single-sideband (SSB) mixer 
(model SSB 0618LXW, Marki Microwave Inc.) is used to subtract fCEO from 
fbeat and produces a CEO-free beat signal CEO-free

beat rep CWf N f ν= ⋅ −  centered 

at 14.97 GHz. Similar to our previous implementations [11,15], the resulting 
CEO-free beat signal needs to be frequency-divided by a large fractional 
number n2 = N/N1  (where N1 defines the approximate output microwave 
frequency and we chose here N1 = 60 for an output signal of ~15 GHz). We 
replaced the combination of cascaded frequency pre-scalers that we used 
before and which led to a fixed integer division factor of N2 = 12,800 by a 
direct digital synthesizer (DDS, model AD9915, Analog Devices) to get a 
finer division. As the input frequency range of the DDS is limited to 
2.5 GHz, the CEO-free beat frequency is first divided by a factor of 6 using 
a pre-scaler (FPS-6-15, RF-Bay Inc.). The DDS is adjusted to output a signal 
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matching its input frequency divided by a factor of ~12,800/6 ≈ 2,130, 
leading to a down-scaled CEO-free beat signal at 1.17 MHz. The residual 
OFC noise in this signal corresponding to ~60 times the phase fluctuations 
of frep is removed in a subsequent stage by mixing it with the 60th harmonic 
of frep, separately detected with another fast photodiode PD-1. This signal is 
band-pass filtered using a narrowband RF cavity filter (~70-MHz 
bandwidth centered at 15 GHz) and amplified. Even with the use of an SSB 
mixer, multiple peaks appear in the output signal at 15 GHz ± n · 1.17 MHz 
due to the high difficulty to filter out the only peak of interest 
(15 GHz ± n · 1.17 MHz in our case). Hence, the resulting signal is affected 
by strong spurious noise peaks at high Fourier frequencies (at harmonics of 
1.17 MHz, see Fig. 4.8, 1-DDS grey curve). We circumvented this issue by 
the use of the so-called 2 DDS scheme depicted in Fig. 4.7(b). Here, the 
second division stage of the CEO-free beat signal at ~2.5 GHz is realized 
using two DDS in parallel delivering signals at 50 MHz and 51.17 MHz, 
respectively, such that their difference (1.17 MHz here) matches the output 
frequency corresponding to the targeted division factor n2. The signal of the 
first DDS is mixed with 60· frep using an SSB+ mixer to produce an 
intermediate signal at ~15 GHz + 50 MHz where spurious components of 
the DDS signal can be easily filtered out using a narrowband RF filter 
(~70-MHz bandwidth centered at 15.05 GHz). Another SSB- mixer is used 
to cancel out the residual noise contribution of frep by combining the 
previous signal at ~15.05 GHz with the output of the second DDS 
(51.17 MHz). The resulting signal at 14.99883 GHz is efficiently isolated 
owing to the 51.17-MHz separation of spurious peaks. This output signal 
contains the phase noise of the ultra-stable laser electrically-divided by a 
factor of n2 ≈ 12,800 without any locking bandwidth limitation as the OFC 
remains fully independent from the optical reference. The contribution 
from the OFC noise is efficiently removed by the TO setup. The 
implemented 2-DDS scheme leads to a clean signal without undesirable 
noise peaks occurring when performing the frequency division using a 
single DDS (see Fig. 4.8). As a first proof-of-principle demonstration of the 
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proposed optical-to-RF division, we characterized the phase noise of the 
generated signal using a cross-correlator phase noise analyzer (Rohde & 
Schwarz FSWP26). We performed more than two hours of measurement 
corresponding to 1,100 cross-correlations at 1-Hz offset frequency and up 
to 107 above 100 kHz. However, the measurement is still instrument-limited 
below 300 Hz. A higher number of cross-correlations might be used to lower 
the noise floor, but increasing it up to 10’000 at 1-Hz offset frequency would 
only bring an improvement of ~5 dB and would last for more than 24 h, 
which is still insufficient to reach the projected noise level of the optical 
reference (Fig. 4.9). Hence, we restricted the evaluation to this cross-
correlation measurement in this proof-of-principle demonstration, but this 
result does not constitute an absolute assessment of the ultimate 
performance of the method.  

 

Fig. 4.8: Single sideband phase noise power spectral density (PSD) of a 15 GHz RF signal 
(60· frep) generated by different means with a self-referenced OFC: free-running frep (blue), 
frep optically-locked (green), OFC used as TO with the 2-DDS scheme (red). The phase noise 
obtained with the 1 DDS scheme is shown for comparison at high frequency (grey). The red 
area shows the instrumental noise floor. 

We compared the phase noise of the generated RF signal to the 
traditional method of optically-locking the OFC in the same conditions and 
using the same OFC, where the optical lock was achieved with the cavity 
PZT. Results are displayed in Fig. 4.8. Both curves are limited to the same 
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level at Fourier frequencies below ~100 Hz, which matches the instrumental 
noise floor. From 100 Hz up to more than 100 kHz, the benefit of the TO 
method is clearly visible. The noise of the ultra-stable laser is not transferred 
to the generated microwave signal with the traditional optical lock as it is 
out of the limited locking bandwidth of the OFC. In contrast, the noise of 
the optical reference is down-scaled up to a much higher Fourier frequency 
using the TO method, even if some excess flicker phase noise seems to be 
present between 1 kHz and 100 kHz, whose origin has not yet been 
identified. Notably, the servo bump of the CEO stabilization that couples to 
the noise spectrum of the repetition rate [16] at around 10 kHz is strongly 
suppressed, demonstrating the high rejection of the OFC noise. In our initial 
measurements, we noticed an imperfect cancellation of the OFC noise, 
especially visible at this servo bump. The reason is that the two signals fbeat 
and 60· frep are detected with two different photodiodes and using two 
distinct outputs of the OFC. With the subsequent use of several electronic 
devices (filters, dividers, mixers), a time delay may occur between the two 
signals, leading to incomplete noise compensation when they are combined. 
The most detrimental element was identified to be the 15.05-GHz band-pass 
filter in-between the two DDSs. A higher noise rejection was reached by 
minimizing the relative delay between these two signals by adding a 4.8-m 
long SMA cable at the output of the second DDS, which led to the result 
displayed in Fig. 4.8. 

We investigated the ultimate phase noise limit arising in the 2-DDS 
TO setup by measuring the additive phase noise induced in the two 
branches of the scheme shown in Fig. 4.7(b): (i) the detection of the high 
harmonic of the repetition rate (upper branch) and (ii) the frequency 
division of the optical beat-note signal (lower branch). The results displayed 
in Fig. 4.9 show that the frequency division performed with the DDSs is by 
far not a limitation with the present projected noise of our ultra-stable laser. 
This could become a limitation at some Fourier frequencies if an improved 
optical reference with a noise reduced by at least one order of magnitude 
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was used. The detection of the high harmonic of frep in the other branch 
constitutes the main limitation at Fourier frequencies above 100 kHz. It 
results from the amplified shot-noise in the photo-detection of the pulse 
train and is similarly present in the traditional method with the optical lock 
of the OFC [1,8]. To reduce this high frequency noise, we used a pulse 
repetition rate multiplier (PRRM) composed of a 2-stage free-space in-loop 
Mach-Zehnder interferometer [8,17]. This increased the RF power of the 
15-GHz harmonic signal detected by PD-1 by 10 dB, reaching -20 dBm for 
4-mW incident optical power. This signal was further amplified by ~25 dB 
using a low-noise RF amplifier. As a further improvement, we minimized 
the amplitude to phase (AM-to-PM) noise conversion in the photo-
detection. The AM-to-PM conversion factor highly depends on both the 
incident optical power and the photodiode bias voltage [18] and is strongly 
reduced at specific values of these parameters. With the used fast 
photodiode and Er:fiber OFC, we found a high rejection at 4-mW incident 
power and 9-V bias voltage. Results displayed in Fig. 4.8 and Fig. 4.9 were 
obtained in these conditions. Only the shot-noise of the photo-detection of 
the comb pulse train in PD-1 constitutes a limitation in the generated 
microwave signal, which lies at a level below -150 dBc/Hz in the present 
configuration. The shot-noise in the detection of the laser-comb beat signal 
in PD-2 is not limiting as this signal is subsequently divided by the larger 
number n2. The shot-noise level could be further lowered by sending more 
optical power to the photodiode PD-1, or by adding other PRRM stages and 
generating the microwave signal at 16 GHz instead of 15 GHz.  
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Fig. 4.9: Measured phase noise PSD of the 15-GHz signal generated by the transfer oscillator 
(TO) method with frep locked to an RF reference (red curve) and free-running (orange curve). 
In both cases, fCEO is let free-running. This is in comparison to the projected noise spectrum 
obtained for a perfect down-scaling of the noise of the optical reference (purple). The 
additive phase noise floor induced in the two branches of the setup is also displayed (dashed 
lines): amplified shot-noise (Amp. SN) in the photo-detection of 60· frep and from the DDS 
frequency division process. The red area indicates the instrumental noise floor. 

 

The frequency difference between the two DDSs must be precisely 
adjusted to fully cancel out the phase noise of the comb repetition rate. By 
slightly tuning one of the DDSs and minimizing the relative time delay 
between the two signals as previously mentioned, the point of maximum 
comb noise rejection was found within a tolerance of ±10 kHz on the 
generated 1.17-MHz signal (i.e., ~1% relative). This enables cost-efficient 
DDSs with a lower resolution to be used, making the method fairly easy to 
implement. Within this range, a proper rejection of the comb frep noise was 
achieved at all Fourier frequencies in the generated 15-GHz microwave 
signal when frep was locked to an RF reference. We also implemented the 
optical-to-RF division with the TO method using a free-running OFC (see 
Fig. 4.9). Very similar results were achieved above 5-Hz Fourier frequencies 
at the present level of evaluation despite the much higher noise of the comb, 
which demonstrates the proper noise rejection obtained by the TO method. 
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Only the slow drift of frep occurring below 5 Hz was more difficult to 
properly compensate, leading to a slightly higher resulting noise. 

Besides the low-noise RF synthesis shown here, the 2 DDS TO scheme 
can also be used to characterize the phase noise of a free-running CW laser, 
even with a narrow linewidth, without a lower noise reference laser, but by 
employing any type of OFC (even free-running). It can also circumvent the 
main limitation at Fourier frequencies higher than ~10  kHz in our initial 
implementations of a method to analyze the noise of the free-running CEO 
signal in an OFC without using f-to-2f  interferometry [11,15].  

In conclusion, we have reported a proof-of-principle demonstration of 
ultra-low noise RF synthesis realized by frequency down-conversion of an 
optical reference using a TO frequency comb. In contrast to the traditional 
approach of tightly locking the OFC to the ultra-stable laser, the proposed 
method does not make use of any optical lock and circumvents the need for 
a high bandwidth actuator. Therefore, it can be implemented with any type 
of frequency combs. The only constraint, e.g., when using frequency combs 
with a higher timing jitter, is that the beat signals (CEO and optical beat) 
have a sufficient SNR to ensure a proper frequency division and a moderate 
drift such that they remain within the bandwidth of the filters (~±30 MHz 
is acceptable with the present filters). It is particularly attractive with the 
use of high repetition rate combs, e.g., produced from mode-locked diode-
pumped solid-state lasers [9] or from micro-resonators [19]. In this proof-
of-principle demonstration, the ultimate noise of the generated RF signal 
could not be assessed as it was limited by the instrumental noise floor below 
~500 Hz. However, the results were compared to the standard method of 
locking the OFC to the optical reference using the same OFC, demonstrating 
its benefits.   
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4.2.2 Ultralow-noise photonic microwave synthesis 
using a soliton microcomb-based transfer oscillator 

Erwan Lucas1,*, Pierre Brochard2,*, Romain Bouchand1, Stéphane Schilt2, 
Thomas Südmeyer2 and Tobias J. Kippenberg1 
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CH-1015 Lausanne, Switzerland. 

2Laboratoire Temps-Fréquence, Institut de Physique, Université de 
Neuchâtel, CH-2000 Neuchâtel, Switzerland. 

The synthesis of low-noise microwave signals is of both scientific 
and technological relevance for timing, metrology, communications and 
radio-astronomy. Today, microwave signals with the lowest reported 
phase noise are produced by optical frequency-division using mode-
locked laser frequency combs [1-4]. However, this technique typically 
places stringent demands on the comb stabilisation. Moreover, 
previously-employed combs have repetition rates of few hundreds of 
megahertz, while the targeted frequencies lie around 10 GHz, requiring 
pulse interleaving methods. Here, a microresonator-based Kerr 
frequency comb [5] (soliton microcomb) with a repetition rate of 14 GHz 
is generated with an ultra-stable pump laser and used to derive an 
ultralow-noise microwave reference signal, with an absolute phase noise 
level below -60 dBc/Hz at 1 Hz offset frequency and -135 dBc/Hz at 
10 kHz. This is achieved using a novel transfer oscillator approach [6], 
where the free-running microcomb noise is cancelled via a combination 
of electronic division and mixing. The presented method opens new 
prospects for ultralow-noise microwave and sub-terahertz signal 
generators using modulated laser techniques [7].   

The synthesis of microwave signals via photonic systems, such as dual 
frequency lasers [8], optoelectronic oscillators [9], Brillouin oscillators [10], 
or electro-optical dividers [11], hold promise for their ability to synthesise 
                                                   
* Authors contributed equally to this work 
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low-noise or widely tunable microwave signals with compact form factor. 
An additional approach is based on optical frequency division, which 
makes use of a self-referenced fs-laser comb optically-locked to an ultra-
stable laser (USL) with a typical linewidth at the Hz-level [1-4]. If the comb 
line of index N is tightly phase-locked to the USL (after subtraction of the 
carrier envelope offset (CEO) frequency fCEO), the comb repetition rate frep is 
directly phase-stabilised to the ultra-stable frequency νusl by frequency 
division: frep =(νusl - fCEO)/N. Importantly, owing to the carrier frequency 
division from optics to microwaves, the absolute phase noise power 
spectral density is reduced by a factor N2∼108. 

This method has been mostly implemented using fibre-based fs-lasers 
with repetition rates of a few hundred megahertz. A fast actuator (e.g., an 
intra-cavity electro-optic modulator [12]) is required to achieve a tight 
optical lock of the comb tooth to the optical reference and perform the 
frequency division over a wide bandwidth. Moreover, a high harmonic of 
the comb repetition rate must be used to synthesise a microwave signal 
beyond 10 GHz. Consequently, repetition rate multipliers are typically 
employed to reduce the impact of shot-noise in the photo-detection of the 
pulse train, such as optical filtering cavities [13] or fibre interleavers [14], 
which increases the system complexity. Therefore, the use of frequency 
combs directly operating at ∼10 GHz repetition rates would be highly 
beneficial, but their optical lock and self-referencing are challenging. 

Soliton-based Kerr combs (i.e., microcombs) generated via four-wave 
mixing in an optical microresonator [15], which naturally produce multi-
GHz comb spectra [16-19], are natural candidate in this context. Pumping a 
cavity resonance with a continuous-wave laser can initiate and sustain a 
circulating dissipative Kerr soliton [16] (DKS) that is intrinsically phase-
coherent with the input pump laser. The resulting comb coupled out of the 
micro-cavity is inherently perfectly phase-locked to the pump laser. Direct 
soliton generation from an ultra-stable pump laser holds potential for 
compact and powerful optical-to-microwave dividers. Although self-
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referenced optical microcombs and clocks have been demonstrated [20-22], 
optical frequency division for low-noise microwave generation using such 
devices has not been demonstrated so far, mainly due to the complex 
crosstalk occurring between their two degrees of freedom [21,23] and the 
limited performance of the available actuators [19,24]. 

 

Fig. 4.10: Principle of operation of the Kerr comb-based transfer oscillator for optical-to-
microwave frequency division. (a) Schematic illustration of the transfer oscillator applied to 
a Kerr comb (or electro-optic combs equivalently). (b) Schematic representation of the signal 
evolution along the electronic division chain leading to the low-noise output signal. The two 
comb parameters fCEO and frep are detected. Both parameters can be free-running and 
fluctuate. The carrier envelope offset (CEO) frequency is electronically divided by a large 
number N that corresponds to the tooth number of the ultra-stable pump νusl. After this step, 
the frequency fluctuations of the divided CEO fCEO /N = frep + νusl /N are dominated by the 
repetition rate fluctuations. These are removed by mixing fCEO /N with frep to obtain the 
division result νusl /N. A narrow-band filtering is used to reject spurs. 

Here, we demonstrate the generation of an ultralow-noise microwave 
signal using a microcomb-based transfer oscillator method to realise 
optical-to-microwave frequency division. The transfer oscillator method 
[6,25] bypasses the need for tight optical phase-locking of the frequency 
comb to the optical reference. Instead, it relies on an adequate manipulation 
and combination of signals to cancel the comb phase noise and to provide a 
broadband electronic division of the USL frequency to the microwave 
domain. The frequency division by a large factor N is performed 
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electronically, thus removing the need for high locking bandwidth 
actuators. In this work, the USL is used to pump the microresonator and 
inherently constitutes a tooth of the resulting frequency comb. We show 
how to extend the transfer oscillator technique to exploit this salient feature 
of microcombs (or equivalently of electro-optic combs [26]). In this first 
proof-of-principle demonstration, we achieved a measured single-sideband 
phase noise of -110 dBc/Hz at 200 Hz offset from the 14.09 GHz carrier, 
which is 15 dB below the lowest phase noise microresonator-based photonic 
oscillator reported so far [27], demonstrating the potential of this approach. 

The working principle of our method is illustrated in Fig. 4.10. A 
microresonator pumped by a sub-Hz-linewidth USL at frequency νusl 
generates a soliton-Kerr comb with a GHz-range repetition rate frep that is 
set by the resonator free spectral range (FSR). The reference laser is part of 
the frequency comb (line N) such that its frequency can be written as 
νusl = fCEO +N frep. The detection of the CEO frequency (for example via 
f-to-2f interferometry [28,29] or with an auxiliary self-referenced comb as in 
the present work) is followed by electronic division by means of a 
combination of frequency pre-scalers and direct digital synthesisers (DDS). 
The final step consists of mixing the divided CEO signal with the repetition 
rate, which yields 

𝑓𝑓signal =
𝑓𝑓CEO
𝑁𝑁

+ 𝑓𝑓rep =
𝜈𝜈usl
𝑁𝑁

 (24) 

Importantly, this process can be carried out with a free-running Kerr 
comb and circumvents the need for a high-bandwidth optical lock. 

The soliton-Kerr comb is generated by pumping a crystalline 
magnesium fluoride (MgF2) microresonator with an FSR of 14.09 GHz using 
a 1553 nm diode laser. After soliton generation, the pump laser is phase-
locked to a sub-Hz-linewidth USL (Menlo Systems ORS1500) at a frequency 
detuning of ∼1.7 GHz (green box in  Fig. 4.11, a detailed description is 
provided in the supplementary information (SI) 45). To ensure the long-term 
stable operation of the Kerr comb and prevent the decay of the soliton, the 
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microresonator resonance is slowly locked to the pump laser with an 
effective-detuning stabilisation, achieved via a sideband Pound-Drever-
Hall (PDH) lock [30], which feedbacks on the input pump power as well as 
on an LED shining on the crystal for thermal actuation of the resonance 
(purple box in  Fig. 4.11 , see details in the SI45). The detuning setpoint was 
carefully optimised in order to minimise the noise of the Kerr comb 
repetition rate frepK at offset frequencies beyond ∼100 Hz (see the Methods 
section and  Fig. 4.10 ). However, the residual thermal drift of the resonator 
degrades the performance at lower offset frequencies. 

The used crystalline MgF2 micro-comb features a relatively narrow 
spectrum that prevents a direct detection of its CEO frequency ( Fig. 4.11 ). 
The self-referencing of Kerr combs remains highly demanding due to the 
high repetition rate, low optical power, and fairly long pulse duration (225 
fs here) resulting in a low peak intensity that makes the spectral broadening 
for f-to-2f interferometry challenging [21,31]. Therefore, we implemented an 
indirect detection scheme using an auxiliary self-referenced fibre-laser 
frequency comb [32] with a repetition rate frepaux =251.7 MHz in this first 
proof of concept. The relative CEO frequency Δ fCEO between the two combs 
can be retrieved from their beatnote, as schematised in  Fig. 4.11, provided 
that their repetition rates are harmonically phase-locked, i.e., frepK =M frepaux 
(superscripts ‘K’ and ‘aux’ refer to the Kerr and auxiliary comb, 
respectively). In such case, the repetition rate noise contributions 
compensate each other in the beat signal between the two combs, which 
thus only contains the relative noise between the two CEO frequencies ΔfCEO 
(see  Fig. 4.11). The Kerr comb CEO frequency is obtained by subtracting 
the CEO frequency of the auxiliary comb fCEOaux detected with an f-to-2f 
interferometer (see Fig. 4.11) and corresponds to 
fCEOK=ΔfCEO-fCEOaux =νpump-N frepK. 
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Fig. 4.11: Simplified experimental setup and principle of operation with the auxiliary comb 
(a) Setup for Kerr comb-based optical frequency division. The details of each highlighted 
block can be found in the supplementary information. EDFA, Er-doped fibre amplifier; 
AOM, Acousto-optic modulator; EOM, Electro-optic modulator; FBG, Fibre Bragg grating 
for pump rejection; OBPF, Optical band-pass filter; OPLL, Optical phase lock loop; PDH, 
Pound-Drever-Hall lock; DDS, Direct digital synthesiser; PNA, Phase noise analyser; ESA, 
Electrical spectrum analyser. (b) The harmonic relation of the repetition rate of both combs 
is ensured via injection locking for M = 56. The heterodyne beat between the two combs 
thus yields the difference of their carrier-envelope offset frequency (ΔfCEO). (c) Optical 
spectrum of the soliton-based Kerr comb. The inset shows the phase modulated sidebands 
around the pump laser tone that ensure the injection-locking. (d) Radio-frequency (RF) 
spectrogram showing the injection-locking effect between the Kerr comb repetition rate frepK 
and the 56th harmonic of the auxiliary comb repetition rate frepaux, obtained by changing the 
frequency of faux rep (harmonic power ~ 11 dBm applied to the EOM). 

The mutual phase-locking of the comb repetition rates is achieved via 
soliton injection-locking [33]. The harmonic M=56 of the repetition rate of 
the auxiliary comb (at 14.093 GHz) is detected, filtered and amplified to 
phase-modulate the pump light (blue box in Fig. 4.11). This frequency is 
very close to the native Kerr line spacing, which gets injection-locked to this 
drive signal. Therefore, both repetition rates are strongly correlated over a 
bandwidth of ∼2 kHz. 
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The Kerr comb CEO signal, indirectly obtained as previously 
described, is detected at low frequency (MHz-range) and filtered to match 
the bandwidth of the injection locking of the repetition rates (not 
represented in Fig. 4.11, see SI45). After up-mixing to 15 GHz, it is frequency-
divided by a large pre-determined factor N ≈ 13,698 and is subtracted to the 
separately-detected repetition rate frepK to obtain the frequency-divided 
signal of the ultra-stable pump laser: νpump/N = fCEOK /N + frepK (orange box 
in  Fig. 4.11). The overall division of the Kerr comb CEO signal by the factor 
N is realised with a frequency pre-scaler followed by two parallel DDS, 
which offers improved filtering capabilities in the electronic division [6]. 
This second stage division with the DDS allows for a precise non-integer 
frequency division factor and leads to a clean single-tone output signal 
corresponding to the frequency-divided USL (see  Fig. 4.11). The detailed 
description of the frequency division chain is provided in the SI45. The 
overall division factor N was straightforwardly determined experimentally, 
without prior knowledge of the optical frequency of the ultra-stable pump 
laser, by measuring the frequency change of the generated microwave 
signal corresponding to a small variation (140 Hz) of the Kerr comb 
repetition rate for different programmed division factors N (see  Fig. 4.11). 
This simple measurement also provides an accurate determination of an 
optical comb line index N that can be useful for absolute optical frequency 
measurements. 

The phase noise of the generated ultralow-noise 14.09 GHz signal was 
measured with a cross-correlator phase noise analyser (Fig. 4.12). It reaches 
-110 dBc/Hz at 200 Hz Fourier frequency, 15 dB below the lowest phase 
noise microresonator-based photonics oscillator [27] at 10 GHz. The phase 
noise is below -135 dBc/Hz at 10 kHz and -150 dBc/Hz at around 1 MHz, 
showing that the intrinsic good short-term purity of the soliton Kerr comb 
is preserved. The calculated shot-noise predicts a noise floor at -152 dBc/Hz 
(thermal noise floor ∼-170 dBc/Hz). At 1 Hz offset, the measurement is 
limited by the instrumental noise floor even with 3000 cross correlations.  
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Fig. 4.12: Experimental result of the signal generated by optical-to-microwave division (a) 
Absolute single-sideband (SSB) phase noise of the 14.09 GHz signal generated by optical-to-
microwave division of the USL via the Kerr comb transfer oscillator (blue) and obtained 
directly from the Kerr comb repetition rate (green) for comparison. The sensitivity limit of 
the phase noise analyser (Rohde & Schwarz FSWP, 3000 cross correlations applied at 1 Hz) 
is indicated by the grey shaded area. The red line is the limit inferred from the optical phase 
noise of the USL, assuming an ideal noiseless division. (b) Precise determination of the 
optimal division factor N corresponding to the zero crossing of the linear fit (solid line) of 
the measured relative frequency change of the generated RF signal for a small variation of 
the repetition rate (dots). (c) Comparison between the RF spectra of the Kerr comb repetition 
rate and the optical-to-microwave frequency division result. The resolution bandwidth 
(RBW) is 5 Hz. (d) RF spectrum of the frequency-divided output signal, the RBW is 
100 mHz. The data was acquired with the IQ demodulation mode of the spectrum analyser. 

Nevertheless, the transfer oscillator offers an improvement by at least 
40 dB compared to the direct detection of the Kerr comb repetition rate 
(despite the resonator being stabilised to the USL), showing its ability to 
cancel the residual thermal drifts of the Kerr cavity. The technical 
limitations of the measurement, at low offset frequency, make it difficult to 
directly compare the method with state-of-the-art optical frequency-
division using mode-locked lasers. Nevertheless, at high Fourier 
frequencies, our results surpass some of the first demonstrations of optical 
frequency division [3], even if no optimisation has been performed on the 
photodetection side. Over the past 10 years, the development of mode-
locked lasers, as well as the improvement of photodetection noise [34,35], 
led to a reduction of the noise of the generated microwaves by 30 to 40 dB 
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in some frequency bands [2]. We believe that the transfer oscillator method 
can follow a similar path, as in particular, the high repetition rates of the 
Kerr combs should make the photodetection optimisation less stringent. 

In summary, we have reported the first optical-to-microwave 
frequency division using a Kerr comb as transfer oscillator. This 
demonstrates the potential of this method in microwave photonics and 
enlarges its previously reported implementation with low repetition rate 
mode-locked lasers. The approach presented here can be further 
implemented with electro-optic combs, where self-referencing and 
feedback control were recently achieved [26,36]. Although this proof-of-
principle experiment required an auxiliary comb to obtain the CEO 
frequency of the Kerr comb, directly self-referenced microcombs are 
technologically feasible in silicon nitride (Si3N4) photonic-chips [37]. While 
octave-spanning comb spectra have been achieved using dispersion control 
[7,22], these implementations used THz repetition rates to cover such a 
large spectral range, which made photodetection of the repetition rate 
practically impossible. Nonetheless, the residual phase noise of these combs 
has been shown to be suitable for frequency division [38]. Recent 
improvements of integrated resonators have enabled soliton microcombs 
with K- and X-band (20 and 10 GHz) repetition rates in integrated 
resonators [39]. However, the achieved spectral spans, although wider than 
in the crystalline case, are far from covering one octave. Pulsed pumping 
[40,41] appears as a promising approach to enable octave spanning 
microcombs with detectable microwave repetition rates. This approach uses 
synchronous pumping of the microresonator with picosecond pulses to 
generate a soliton with a much shorter duration and a spectrum that can 
cover an octave, similar to enhancement cavities [42]. It can be seen as a 
hybrid between an electro-optic (EO) comb and a microcomb, with the 
advantage that the spectral enlargement of the EO comb is performed in 
cavity and is therefore directly filtered. Crucially, even if the free-running 
phase noise of these integrated microcombs is typically higher than in the 
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crystalline platform used in this work [39,43,44], the additional noise is 
cancelled over a broad frequency range via the transfer oscillator method 
that constitutes a powerful tool for low-noise frequency division without 
the need for a very low-noise comb. The free-running comb operation and 
the maturity of RF components, which can be suitably integrated, promise 
robust device operation. Furthermore, improvements in resonator 
actuation, using micro-heaters [19], piezoelectrical transducers [45,46], or 
the electro-optic effect [47,48], allow direct soliton generation with the stable 
laser via resonator tuning, alleviating the need for an optical phase-lock 
loop and greatly simplifying the detuning stabilisation. If a lower stability 
level is acceptable, simpler and more compact low-noise lasers can be 
employed [49-51] instead of the USL. We believe that the presented transfer 
oscillator method holds promising potential for ultralow-noise high-
frequency generators with a new generation of compact photonic-based 
systems [52] for radar applications [53], high frequency telecommunications 
[54] and time-frequency metrology [3]. 

  

Methods 

Operating conditions. The pump power after the EOM is ∼10 mW 
and is amplified to ∼250 mW with an EDFA. The power level after the AOM 
(see Fig. 4.11 ) is set to ∼210 mW. After comb generation and residual pump 
rejection with a fibre Bragg grating, the comb power of ∼1 mW is amplified 
to ≳5 mW. The largest part of this power (90%) is sent onto a high power 
handling photodiode (Discovery Semiconductors DSC40S, generating a 
photocurrent of 5.12 mA and a microwave power of ∼-7.4 dBm), while the 
remaining fraction is used for the intercomb beatnote detection. The shot 
noise level is estimated for a CW laser detection, based on the photocurrent 
and microwave power. The 56th harmonic of the auxiliary comb repetition 
rate frepaux at 14.09 GHz is detected, selected using a narrow band-pass filter 
and amplified to ∼19 dBm. This signal drives the phase modulator and 
creates an estimated phase deviation of ∼1.4 rad. The injection-locking 
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range of the Kerr comb repetition rate [33] spans ≳2 kHz and the locking 
bandwidth is ∼2 kHz. 

 Resonator characteristics. The MgF2 whispering gallery mode 
resonator was fabricated via precision diamond turning and hand polishing 
on a lathe. The intrinsic linewidth of the pumped mode is ∼80 kHz (intrinsic 
quality factor of 2.4×109). The evanescent coupling to the resonance is 
achieved via a tapered optical fibre. The fibre is operated in contact with the 
resonator to dampen its vibrations. Careful adjustment of the fibre position 
is required to maximise the coupling rate and increase the out-coupled 
comb power. The loaded resonance linewidth is estimated at ∼2.4 MHz. The 
detuning setpoint was chosen to minimise the noise of the Kerr comb 
repetition rate, as described in the next section. 

    Soliton noise minimisation.  The laser-resonator detuning 
δ=νcav-νlaser is known to have a major impact on the noise and stability of 
Kerr frequency combs. This parameter not only sets the soliton pulse 
duration [55], but was also shown to modify the repetition rate frequency 
through the Raman self-frequency shift [56,57] ΩRaman (δ) and the soliton 
recoil Ωrecoil corresponding to dispersive wave emission [55,58]. Indeed, 
these two effects lead to an overall shift of the spectral centre of the soliton 
(i.e., the soliton spectral maximum relative to the pump frequency) 
Ω=ΩRaman+Ωrecoil, which induces in turn a change in the group velocity of 
the pulse and therefore of the repetition rate according to [59] 

𝑓𝑓repK =
1

2𝜋𝜋 �
𝐷𝐷1 +

𝐷𝐷2
𝐷𝐷1

 Ω(𝛿𝛿)� , (25) 

where D1/2𝜋𝜋 = 14.09 GHz is the resonator FSR and D2/2𝜋𝜋 = 1.96 kHz is the 
group velocity dispersion (GVD) parameter at the pump frequency [60]. 
Thus, residual laser-resonator detuning noise can degrade the spectral 
purity of the repetition rate [23]. A solution to this problem was already 
identified by Yi et al. [58], who proposed to use the balance of dispersive-
wave recoil and Raman-induced soliton-self-frequency shift to enhance the 
repetition-rate stability of a silica wedge-based Kerr comb. A similar 
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concept is applied here to minimise the repetition rate noise of the 
crystalline MgF2 microresonator-based comb. Importantly, in MgF2, the 
Raman self frequency shift can be neglected, due to the very narrow gain 
bandwidth, and the soliton shift is dominated by the soliton recoil Ω≈Ωrecoil. 

 

Fig. 4.13: Optimisation of frepK phase noise (a) Soliton spectrum for lower coupling case 
(Detuning 10 MHz). (b) Evolution of the repetition rate (blue, solid) and of the soliton recoil 
(Ω /2𝜋𝜋) retrieved by fitting the optical spectrum (green), in the lower coupling case. The 
blue crosses and dashed line show the residual repetition rate change after subtraction of 
the recoil induced shift (using eq. (24)). (c) Soliton spectrum for larger coupling case 
(Detuning 10 MHz). (d) Evolution of the repetition rate (blue, solid) and of the soliton recoil 
(Ω /2𝜋𝜋) retrieved by fitting the optical spectrum (green), in the larger coupling case. The 
blue dashed line shows the residual repetition rate change after subtraction of the recoil 
induced shift (using eq. (24)). 

We measured the variation in repetition rate of the soliton comb as a 
function of detuning in two coupling conditions (weak and large coupling). 
The coupling rate was modified by changing the position of the tapered 
fibre along the resonator. The detuning was scanned (forward and 
backward) by changing the PDH modulation frequency, while the phase 
lock loop offset frequency was adapted accordingly to keep the total 
frequency offset between the USL and the microresonator resonance 
constant. At each detuning point, the optical spectrum was acquired and 
the repetition rate frequency frepK was counted. The results are displayed in  
Fig. 4.13. The phase modulation at the cavity FSR used for injection-locking 
was disabled in this measurement. 
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The weak coupling of the resonator allows for a relatively wide 
detuning range to be accessed (5 to 25 MHz, see  Fig. 4.13). Over this span, 
the repetition rate changes in total by 22 kHz, but not linearly. The non-
monotonic evolution of frepK (δ) is caused by the soliton recoil induced by 
dispersive waves through avoided mode crossings [55,58,61]. The soliton 
shift Ω/2𝜋𝜋 is extracted by fitting the optical spectrum with a sech2 function 
and the associated repetition rate variation can be estimated using eq. (24). 
Interestingly, after subtracting this contribution, the residual shift of the 
repetition rate follows a linear trend with a slope of ∼-1 kHz/MHz. This 
significant variation is independent from any recoil-associated effect and 
could originate from more complex forms of avoided modal crossings, or 
third order dispersion, although we observed that the value of this slope 
changes with the coupling as detailed below. 

Increasing the coupling rate of the resonator (see  Fig. 4.13) shrinks the 
accessible detuning range (5.5 to 10 MHz) and radically changes the 
dependence of frepK with δ. The overall variation is reduced to ∼1.4 kHz and 
is dominated by solitonic recoil. Once this contribution is subtracted, the 
residual slope is on the order of ∼-160 Hz/MHz, which is very close to the 
value expected from the nonlinear self-steepening effect [62]. 

Quiet operation point. More notably, under this larger coupling 
condition, the relation frepK (δ) exhibits a stationary point around δ = 7 MHz, 
where the coupling of pump-laser frequency noise into the soliton 
repetition rate is expected to be minimal since ∂ frepK /∂δ ≈ 0. To verify this 
prediction, the phase noise of the detected soliton pulse train was measured 
at different detuning points. The pump laser was phase-modulated by a low 
frequency tone at 9 kHz to provide a reference point. Furthermore, instead 
of phase-locking the pump laser to the USL, the PDH feedback was applied 
to the pump laser current in these measurements, and the resonator was 
slowly stabilised to the USL via power and thermal feedback. The larger 
laser noise obtained in this case helps visualising its impact on the repetition 
rate frequency and could be calibrated via a heterodyne measurement with 
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the USL. The results are displayed in  Fig. 4.14 . At the operating point 2, 
where the slope of frepK (δ) is maximum, the noise of frepK follows the same 
features as the laser noise. Rescaling the laser noise to match the 9 kHz 
modulation peaks indicates that the optical noise is reduced by 56 dB. 
Conversely the point 1, where the slope of frepK (δ) is minimum, corresponds 
to the lowest optical-to-RF noise transduction (dip in Fig.4.14-a), with a 
conversion coefficient below -100 dB. As expected, this point yields the 
lowest achieved phase noise, and it appears that the laser phase noise is no 
longer the overall limiting factor of the Kerr comb repetition rate noise. 

 

Fig. 4.14: ‘Quiet’ operating point (a) Evolution of the repetition rate with the detuning (blue) 
and associated optical phase modulation to RF phase modulation conversion coefficient 
calibrated with the 9 kHz phase modulation tone on the laser (red). (b) Phase noise spectra 
of the soliton repetition rate at the two operating points highlighted in (a). The solid black 
line shows the laser noise (PDH-stabilised to the microcavity). The dashed black line shows 
the noise of the laser scaled by −100 dB to match the 9 kHz phase calibration tone. 

Noise limitations in microcombs. In a nonlinear resonator, the free 
spectral range D1/2𝜋𝜋 depends on the circulating optical power. Therefore, 
the relative intensity noise (RIN) of the pump laser (power Pin) eventually 
induces timing jitter of the repetition rate, according to eq.(24). Assuming a 
laser on resonance, the self phase modulation induced shift follows [63] 
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2𝜋𝜋

= �
𝐷𝐷1
2𝜋𝜋

4𝜂𝜂 𝑐𝑐 𝑛𝑛2
𝜅𝜅𝑉𝑉e𝑓𝑓𝑓𝑓𝑛𝑛02

�
���������

𝛼𝛼

 𝛿𝛿𝑃𝑃i𝑛𝑛(𝜔𝜔) (26) 
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where κ/2𝜋𝜋 ≈ 1.35 MHz is the cavity energy decay rate, η = κex/κ ≈ 0.94 is 
the coupling impedance of the resonator (κex is the coupling rate), 
Veff ≈ 2.32×10-12 m3 is the mode volume, n2 = 9×10-21 m2/W is the (Kerr) 
nonlinear index and n0 = 1.37 is the refractive index. These values yield a 
conversion coefficient α ≈ 3.8. We measured the relative intensity noise 
SRIN (f) of the pump laser (Fig. 4.15) and the associated induced phase noise 
was estimated using 

𝑆𝑆𝐷𝐷1/2𝜋𝜋
𝜙𝜙 (𝑓𝑓) = �

𝛼𝛼
𝑓𝑓
𝑃𝑃i𝑛𝑛�

2
𝑆𝑆RIN(𝑓𝑓) (27) 

for the measured input pump power of Pin ≈ 212 mW. The results are 
displayed in  Fig. 4.15. The estimated level matches remarkably the 
repetition rate phase noise at offsets between 500 Hz and 100 kHz (blue and 
green curves in  Fig. 4.15 ), suggesting that the pump laser RIN is limiting 
the performances in this range. The phase noise reaches ∼-143 dBc/Hz at 
10 kHz, which outperforms any other microresonator-based approach 
[10,11,27,58,64]. 

At lower offest frequencies (50 – 500 Hz), the thermal fluctuations and 
drift of the resonator, which are beyond the power stabilisation bandwidth, 
are the limiting factor [27,65]. At higher offset frequencies, two noise bumps 
appear related to the characteristic double resonant response (S and C) of 
the resonator in the soliton regime [66]. In these resonant features, the 
transduction of the pump laser noise is enhanced [23]. Beyond 100 kHz 
offset, the contributions of various factors are more difficult to identify. We 
observed nonetheless a correlation between the microwave RIN (Fig. 4.15) 
and the phase noise, which suggests that amplitude-to-phase noise 
conversion is occurring in the photodiode [67], with a conversion of ∼-25 dB 
(grey curve in  Fig. 4.15), which is in agreement with reported values for 
similar photodiodes [34]. We report here the microwave amplitude noise, 
as our measurement device offered a better sensitivity in this configuration, 
but our observations showed that this amplitude noise matches well the 
optical RIN (measured at DC with a diplexer). 
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Finally, the continuous-wave shot-noise floor is expected to be 
at -159 dBc/Hz (photocurrent of 6.85 mA, microwave power of -3.8 dBm). 
However, we noticed that the phase noise floor of our measurement stands 
4.1 dB below this value (at frequency offsets above 20 MHz), while the 
amplitude noise floor is 6.3 dB above. This imbalance between amplitude 
and phase needs further investigation and could be related to shot noise 
correlations in the detection of optical pulses [68,70]. 
 

 

Fig. 4.15: Pump laser RIN and estimated limitation on the phase noise (a) Optical RIN of the 
pump laser (green) and microwave amplitude noise of the soliton repetition rate (purple). 
(b) Phase noise spectrum of the repetition rate in the ‘quiet’ point (blue) and estimated 
limitation from the pump laser RIN (green). The grey curve corresponds to the estimated 
AM-to-PM conversion in the photodiode (microwave amplitude noise scaled by −25 dB). 
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Conclusion 

During this 4-year doctoral study, I focused my work on alternative 
approaches for low noise optical and microwave oscillators and on their 
characterization, especially in terms of phase/frequency noise and 
frequency stability. I learnt about the different statistical tools that give 
useful representations and figures characterizing the noise properties of 
oscillators. I studied the theoretical relationship between the phase noise of 
an oscillator and its power spectrum. By revisiting an old mathematical 
expression of this link introduced by D. Middleton in the 70’s20–22,62, I 
developed a simple guideline enabling a fairly straightforward 
computation of the power spectrum corresponding to an arbitrary phase 
noise. This approach provides a qualitative and intuitive understanding of 
the power spectrum corresponding to different regimes of phase noise and 
was validated by various types of experimental signals with different phase 
noise levels. 

On the experimental point of view, I worked mainly on two 
complementary aspects towards compact low-noise optical and microwave 
oscillators. I modified the concept of the transfer oscillator9 to indirectly 
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characterize the noise properties and modulation response of the offset 
frequency in a comb spectrum without the need of the commonly used 
f-to-2f interferometer that is challenging to implement with high repetition 
rate mode-locked lasers and other new technologies of frequency comb 
sources such as semiconductor mode-locked lasers or quantum cascade 
laser combs. The developed method enabled a full noise characterization of 
novel comb sources at various wavelengths and comb mode spacings, 
including the first reported noise analysis in a mid-infrared QCL comb. 
These results showed a similar anti-correlation between the noise of the 
mode spacing and offset frequency in very different comb sources, such as 
a 25-GHz diode-pumped solid-state laser at 1.5 µm28 and a QCL-comb 
emitting at ~8 µm63. 

This principle was then modified and improved to perform the 
electrical division with a finer resolution and was applied to  develop a new 
approach for an optical frequency divider system that does not require an 
optical lock of the frequency comb to the optical reference44. A main 
advantage of the developed transfer oscillator method is that the frequency 
comb that performs the frequency division is not stabilized to the optical 
reference and can be even stay fully free-running. This results in the 
possibility to generate several ultra-low noise microwave signals from 
different optical references using a single comb, but also in the possibility 
to use simpler and more compact mode-locked lasers with high repetition 
rates directly in the GHz range, which is beneficial for the photo-detection 
noise floor, but these lasers are more challenging to be tightly locked. This 
transfer oscillator was then applied to realize the first frequency division 
with a micro-resonator Kerr-comb in a joint experiment with Prof. 
Kippenberg’s group at EPFL64. 

Finally, an optical delay-line approach was studied as an alternative 
for a narrow linewidth laser with a potential for a compact footprint. This 
method was applied to reduce the linewidth of a mid-infrared QCL below 
10 kHz using only a meter-scale free-space delay-line. But much lower noise 
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can be achieved with a long fiber delay of hundreds of meters in the near-
infrared, with the potential to reach a Hz-level linewidth.  

The developed delay-line optical reference and transfer oscillator 
frequency dividers are two key building blocks for future compact ultra-
low noise microwave generators for current or new applications. 
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